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Introduction

PURPOSE OF THE MODEL CURRICULUM

Just as the standards are required by Ohio Revised Code, so is a model curriculum that supports the standards. Throughout the
development of the standards (2016-17) and the model curriculum (2017-18), the Ohio Department of Education (ODE) has
involved educators from around the state at all levels, Pre-K—16. The model curriculum reflects best practices and the expertise of
Ohio educators, but it is not a complete a curriculum nor is it mandated for use. The purpose of Ohio’s model curriculum is to
provide clarity to the standards, a foundation for aligned assessments, and guidelines to assist educators in implementing the
standards. The model curriculum is not a collection of lessons nor a full curriculum; it does not suggest pace, sequence, or
amount of time spent on topics. It provides information about a topic related to the standards including ideas for examples,
strategies for teaching, possible connections between topics, and some common misconceptions.

To be noted, the emphasis of the model curriculum is on instruction not on assessment; therefore, the examples in the
Instructional Strategies section are written for instructional purposes not necessarily as assessment items. Also, examples
presented in this document may need to be rewritten to accommodate the needs of each individual classroom.

COMPONENTS OF THE MODEL CURRICULUM
The model curriculum contains two sections: Expectations for Learning and Content Elaborations.

Expectations for Learning: This section begins with an introductory paragraph describing the cluster’s position in the respective
learning progression, including previous learning and future learning. Following are three subsections: Essential Understandings,
Mathematical Thinking, and Instructional Focus.
¢ Essential Understandings are the important concepts students should develop. When students have internalized
these conceptual understandings, application and transfer of learning results.
¢ Mathematical Thinking statements describe the mental processes and practices important to the cluster.
¢ Instructional Focus statements are key skills and procedures students should know and demonstrate.

Together these three subsections guide the choice of lessons and formative assessments and ultimately set the parameters for
aligned state assessments.

Content Elaborations: This section provides further clarification of the standards, links the critical areas of focus, and connects
related standards within a grade or course.
Continued on next page
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Introduction, continued

COMPONENTS OF INSTRUCTIONAL SUPPORTS

The Instructional Supports section contains the Instructional Strategies and Instructional Tools/Resources sections which are
designed to be fluid and improving over time, through additional research and input from the field. The Instructional Strategies
are descriptions of effective and promising strategies for engaging students in observation, exploration, and problem solving
targeted to the concepts and skills in the cluster of standards. Descriptions of common misconceptions as well as strategies for
avoiding or overcoming them and ideas for adapting instructions to meet the needs of all students are threaded throughout. The
Instruction Tools/Resources are links to relevant research, tools, and technology. In our effort to make sure that our
Instructional Supports reflect best practices, this section is under revision and will be published in 2018.

There are several icons that help identify various tips in the instructional strategies section:

@ = a common misconception
I;li = a technology tip
£ = acareer connection

= a general tip which may include diverse leaner or English learner tips.
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Standards for Mathematical Practice—Grade 8

The Standards for Mathematical Practice describe the skills that mathematics educators should seek to develop in their students.
The descriptions of the mathematical practices in this document provide examples of how student performance will change and
grow as students engage with and master new and more advanced mathematical ideas across the grade levels.

MP.1 Make sense of problems and persevere in solving them.

In Grade 8, students solve real-world problems through the application of algebraic and geometric concepts. Students seek the
meaning of a problem and look for efficient ways to represent and solve it. They may check their thinking by asking themselves,
“What is the most efficient way to solve the problem?”, “Does this make sense?”, and “Can | solve the problem in a different way?”

MP.2 Reason abstractly and quantitatively.

In Grade 8, students represent a wide variety of real-world contexts through the use of real numbers and variables in
mathematical expressions, equations, and inequalities. They examine patterns in data and assess the degree of linearity of
functions. Students contextualize to understand the meaning of the number(s) or variable(s) as related to the problem and
decontextualize to manipulate symbolic representations by applying properties of operations.

MP.3 Construct viable arguments and critique the reasoning of others.

In Grade 8, students construct arguments using verbal or written explanations accompanied by expressions, equations,
inequalities, models, and graphs, tables, and other data displays (e.g., box plots, dot plots, histograms, etc.). They further refine
their mathematical communication skills through mathematical discussions in which they critically evaluate their own thinking and
the thinking of other students. They pose questions like “How did you get that?”, “Why is that true?” “Does that always work?”
They explain their thinking to others and respond to others’ thinking.

MP.4 Model with mathematics.

In Grade 8, students model problem situations symbolically, graphically, in tables, and contextually. Working with the new concept
of a function, students learn that relationships between variable quantities in the real-world often satisfy a dependent relationship,
in that one quantity determines the value of another. Students form expressions, equations, or inequalities from real-world
contexts and connect symbolic and graphical representations. Students solve systems of linear equations and compare properties
of functions provided in different forms. Students use scatterplots to represent data and describe associations between variables.
Students need many opportunities to connect and explain the connections between the different representations. They should be
able to use all of these representations as appropriate to a problem context. Students should be encouraged to answer questions
such as “What are some ways to represent the quantities?” or “How might it help to create a table, chart, graph, or___?"
Continued on next page
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Standards for Math Practice, continued

MP.5 Use appropriate tools strategically.

Students consider available tools (including estimation and technology) when solving a mathematical problem and decide when
certain tools might be helpful. For instance, students in Grade 8 may translate a set of data given in tabular form to a graphical
representation to compare it to another data set. Students might draw pictures, use applets, or write equations to show the
between the angles created by a transversal that intersects parallel lines. Teachers might ask, “What approach are you
considering?” or “Why was it helpful touse___?"

MP.6 Attend to precision.

In Grade 8, students continue to refine their mathematical communication skills by using clear and precise language in their
discussions with others and in their own reasoning. Students use appropriate terminology when referring to the number system,
functions, geometric figures, and data displays. Teachers might ask, “What mathematical language, definitions, or properties can
you use to explain— ?”

MP.7 Look for and make use of structure.

Students routinely seek patterns or structures to model and solve problems. In Grade 8, students apply properties to generate
equivalent expressions and solve equations. Students examine patterns in tables and graphs to generate equations and describe
relationships. Additionally, students experimentally verify the effects of transformations and describe them in terms of congruence
and similarity.

MP.8 Look for and express regularity in repeated reasoning.

In Grade 8, students use repeated reasoning to understand the slope formula and to make sense of rational and irrational
numbers. Through multiple opportunities to model linear relationships, they notice that the slope of the graph of the linear
relationship and the rate of change of the associated function are the same. For example, as students repeatedly check whether

points are on the line with a slope of 3 that goes through the point (1, 2), they might abstract the equation of the line in the form

y—z = 3. Students should be encouraged to answer questions such as “How would we prove that_—_ ?” or “How is this situation

I|ke and different from other situations using these operations?”
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Mathematics Model Curriculum

with Instructional Supports

Grade 8

STANDARDS MODEL CURRICULUM (8.NS.1-2)

THE NUMBER SYSTEM Expectations for Learning

Know that there are numbers that are | In previous grades, students learned to use long division to convert fractions to decimals. The
not rational, and approximate them by | resulting decimals either terminated or repeated. Until this point, their exploration of the real
rational numbers. number system was limited to rational numbers. In eighth grade, students will extend their
8.NS.1 Know that real numbers are either | knowledge of real numbers to include irrational numbers whose decimal representation is non-
rational or irrational. Understand repeating and non-terminating. In future grades, this leads to the understanding that there are
informally that every number has a numbers that are not real such as imaginary numbers and computations with radicals.

decimal expansion which is repeating,

terminating, or is non-repeating and non- | ESSENTIAL UNDERSTANDINGS
terminating. Real Numbers

.8'N.S'2 Use rational approxmatlons_of e Every real number can be classified as repeating, terminating, or non-repeating, non-
irrational numbers to compare the size of terminating

irrational numbers, locate them e Real numbers are either rational or irrational
approximately on a number line diagram, . . o . .
bp y g e A rational number is any number that can be written as the quotient or fraction of two

and estimate the value of expressions, _ p _ . .
e.g., 7. For example, by truncating the integers, 7 where p is the numerator and q is the non-zero denominator.

decimal expansion of v/2, show that v/2 is e Rational numbers when written as a decimal expansion are repeating or terminating.
between 1 and 2, then between 1.4 and ¢ Irrational numbers when written as a decimal expansion are non-repeating and non-
1.5, and explain how to continue on to get terminating.

better approximations. e A number is classified by its simplest form, e.g., v/25 is rational because 5 is rational.

Continued on next page
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STANDARDS MODEL CURRICULUM (8.NS.1-2)

8.NS.1-2, continued Expectations for Learning, continued

ESSENTIAL UNDERSTANDINGS, CONTINUED
Real Numbers, continued
e Square roots may be negative, e.g., Both 6 and —6 are square roots of 36, and v36 means
only the positive square root whereas —/36 means only the negative square root.
A negative sign cannot be inside a square root number at this grade level.
The roots of perfect squares and perfect cubes of whole numbers are rational.
Square roots of whole numbers that are not perfect squares are irrational.
Cube roots of whole numbers that are not perfect cubes are irrational.
Given two distinct numbers, it is possible to find both a rational and an irrational number
between them.

MATHEMATICAL THINKING
e Use precise mathematical language.
e Determine reasonableness of results.
e Generalize concepts based on patterns.
¢ Compute accurately and efficiently.

INSTRUCTIONAL FOCUS
Identify if a real number is rational or irrational.

e Convert rational numbers from fractions to their decimal expansions.
Discover that a rational number in simplest fractional form has a terminating decimal only if
the prime factorization of its denominator contains only 2s and 5s.
Approximate the value of irrational numbers.
Explain how to get more precise approximations of irrational numbers.
Approximate the location of irrational numbers on a number line.

e Compare and order rational and irrational numbers.
Continued on next page
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STANDARDS MODEL CURRICULUM (8.NS.1-2)

8.NS.1-2, continued Content Elaborations

e Ohio’s K-8 Critical Areas of Focus, Grade 8, Number 4, page 55
e Ohio’s K-8 Learning Progressions, The Number System, pages 16-17

CONNECTIONS ACROSS STANDARDS

e Know that +/2 is irrational (8.EE.2).
e Side lengths of right triangles can be irrational (8.G.6-8).
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.NS.1-2)

Instructional Strategies

Note: The model curriculum is not a collection of lessons nor a full curriculum; it does not suggest pace, Standards for Mathematical Practice
sequence, or amount of time spent on topics. It provides information about a topic related to the standards This cluster focuses on but is not limited to
including ide_as for exa_mples, strategies_for teaching, common mis_conce_ptions,_and possible connections the following practices:

between topics. In addition, the emphasis of the model curriculum is on instruction not on assessment; therefore, o

the examples in the Instructional Strategies section are written for instructional purposes not necessarily as MP.6 Attend to precision.

assessment items. Examples may need to be rewritten to accommodate the needs of each individual classroom. MP.7 Look for and make use of structure.
MP.8 Look for and express regularity in
Every real number has a place on the number line and therefore has a decimal expansion. repeated reasoning.

Placing numbers, both rational and irrational, on a number line is vital to building number
sense. Discussions should include the concepts of denseness and of infiniteness such that between any two rational numbers there are an
infinite number of numbers.

EXAMPLE
Pick two rational numbers that are “really close.” Have a partner find 5 numbers between them.

RATIONAL NUMBERS
A rational number is a number that can be written in the form a/b, where a and b are both integers, and b is not 0; their decimal expansion
either repeats or terminates.

@ Students may incorrectly thlnk that all numbers written in fraction form are ratlonal numbers. However, — |s not a rational number since
is not an integer. However |s a rational number because it is equivalent to —

In previous grades, students become familiar with rational numbers called decimal fractions. In Grade 7, students carry out the long division
and recognize that the remainders may repeat in a predictable pattern—a pattern creates the repetition in the decimal representation (see
7.NS.2.d). In Grade 8, they explore its occurrence.

Ask students what will happen in long division once the remainder is 0. They can reason that the long division is complete, and the decimal
representation terminates. However, if the remainder never becomes 0, then the remainder will repeat in a cyclical pattern. The important
understanding is that students can see that the pattern will continue to repeat.

Explore differences between terminating and repeating decimals.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.NS.1-2)

EXAMPLE (EXTENSION)
131135113914 17 115111 17 55 3 9 2

2°10°8°3'80'8°4°14°40°5°25’6°12°7°16°15°9°125'6°18°7°10° 70

a. Sort the numbers above into the category of either repeating decimals or terminating decimals.
b. Work with a partner to determine what all the terminating decimals have in common.
c. Create a rule to determine if a fraction terminates without using division.

Discussion: Students should come to the conclusion that the prime factorization of the denominator of terminating decimals contains only
powers of 2s and 5s because terminating decimals have to be fractions with denominators containing powers of 10s, e.g., 10°, 10%, 102, 10%...

IRRATIONAL NUMBERS

Students should come to the understanding that— (1) every rational number has a decimal representation that either terminates or repeats
and (2) every terminating or repeating decimal is a rational number. Then, they can use that information to reason that on the number line,
irrational numbers (i.e., those that are not rational) must have decimal representations that neither terminate nor repeat. The surprising fact,
now, is that there are numbers on the number line that cannot be expressed as a/b, with a and b being both integers, and these are called
irrational numbers.

Some students are surprised that the decimal representation of = does not repeat. Some students believe that if we keep
looking at digits farther and farther to the right, eventually a pattern will emerge. Instead of telling students to stop trying to find
the repetition, use this idea as an opportunity to reiterate that mathematics is alive and an exciting realm to explore!

To show students that irrational numbers lie on the number line, students can connect irrational numbers to the Pythagorean Theorem (8.G.8).

EXAMPLE
a. Construct a right isosceles triangle with legs of 1 unit. \

b. Use the Pythagorean Theorem to determine the length of the \
hypotenuse. (Link to 8.G.6-8)

|
|
c. What type of number is the hypotenuse? Explain. -1 0 1 2

d. Rotate the hypotenuse back to the original number line. What conclusions can
you make about irrational numbers?
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.NS.1-2)

L_.___Ii Technology, such as Desmos or Geogebra, allows students to rotate lines more easily.

EXAMPLE
a. Place v1,v4,v/9, V16 on a number line.
b. Then place v2,v/3,V5, v6,v7,v/8,v10, V11,v12,/13,+/14, V15 on the same number line.

¢. How many irrational numbers do you predict will be between the numbers 4 and 5 on the number line? Why?
d. What pattern do you notice?

@ A few irrational numbers are given special names (7 and e), and much attention is given to V2. Because we name so few irrational
numbers, students sometimes incorrectly conclude that irrational numbers are unusual and rare. In fact, irrational numbers are much
more plentiful than rational numbers, in the sense that they are “denser” on the number line.

EXAMPLE

Order the following numbers on a number line: 3.5 x 10%, 3.5, ﬁ v0.31

@ Students often incorrectly think that a number written in scientific notation with a negative exponent is a negative number. Having
students order numbers in scientific notation on a number line will help break this misconception.

EXAMPLE

Write an inequality to compare —% and —0.44444.

Discussion: An interesting extension could be a discussion about whether 0.9 equals 1.

APPROXIMATING IRRATIONAL NUMBERS

In previous grades, students learned processes that can be used to locate any rational number on the number line: Divide the interval from 0

to 1 into b equal parts; then, beginning at 0, count out a of those parts. Now they can use similar strategies to locate irrational numbers on a
number line.

|:_| Use an interactive number line to allow students to see how a number line can be infinitely divided. One resource is Zoomable Number

Line by MathisFun.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.NS.1-2)

Although students at this grade do not need to be able to prove that /2 is irrational, they minimally need to know that v2 is irrational (see
8.EE.2), which means that its decimal representation neither terminates nor repeats. Nonetheless, they should be able to approximate

irrational numbers such as v2 without using the square root key on the calculator.

The /2 caused Greek Matematicians many problems, for although they could construct it using tools, but they could not
measure it. Integrating math history into the lesson may be interesting for some students.

EXAMPLE
Approximate /2 to one, two, and then three places to the right of the decimal point without using a calculator
Method 1: Using Tables Method 2: Using Number Lines
FErs 2]
T T | |
10 100 1.40 1.9600/ 1410 1.988100 5 o e T s v 1
1.1 1.21 141 1.9881 1411 1.990921
12 144 142 2.0164 1412 1.993744 N
13 169 143 2.0449 1413 1.996569
14 19 144 20736 1.414  1.999396 T 41 12 1344 186 17 18 19 2
15 225 145 21025 1415  2.002225 = /
16 256 146 21316 1416  2.005056 [ f—llgsm% /20164 |
1.7 2.89 (E i vl e 1417 2.007889 4 1 T 1 148 1o 147 148 148 15
18 324 148 2.1904 1418  2.010724
19 361 149 22201 1419  2.013561
20 400 1.50  2.2500 1420  2.016400 V1999396 | | [v2.002225 [~

141 1411 1412 1413 1414 1415 1416 1417 1418 1419 142

Discussion: From knowing that 12 = 1 and 22 = 4 (or from the Pythagorean Theorem activity), students can reason that there is a number
between 1 and 2 whose square is 2. In the first table above, students can see that between 1.4 and 1.5, there is a number whose square is 2.
Then in the second table, they locate that number between 1.41 and 1.42. And in the third table they can locate V2 between 1.414 and 1.415.
Eventually students can develop more efficient methods for this work. For example, they might have begun the first table with 1.4. And once
they see that 1.422 > 2, they do not need generate the rest of the data in the second table.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.NS.1-2)

Technology such as the Number Line Generator by HelpingWithMath.com could be used to zoom in on the nhumber line.
L.l_.-li There are several methods for approximating irrational numbers such as pi (11). As an extension, students can explore other irrational
numbers such as the golden ratio phi (¢). The golden ratio can lend itself to cross-curricular extensions in classes such as art.

L:_lﬁ There are many applets that guide students in approximating pi such as Computing Pi by NCTM llluminations and Approximating Pi
by Desmos.

In the real-world, all measurements and constructions are approximate. Nonetheless, it is possible to see the distinction between rational and
irrational numbers in their decimal representations. Given two distinct numbers, it is possible to find both a rational and an irrational number
between them.

PRECISION

Have students do explorations where precision matters. Discuss situations where precision is vital and other situations where reasonableness
is more vital than precision. Although learning about significant digits formally takes place in high school, it is appropriate to talk about how
intermediate rounding affects precision. The display of irrational numbers on a calculator could also be used for a discussion point. Another
discussion could take place comparing results using the pi button compared to the typical approximation of 3.14.

EXAMPLE

The teacher asked the class to multiply g X %
«  April multiplied 2 x =.
Cindy multiplied 0.5 x 0.2.
Carlos multiplied 0.55 x0.17.
Jacob multiplied 0.555 x 0.167.
Stephanie multiplied 0.5555 x 0.1667.
Elijah multiplied 0.55555 x 0.166667.
a. Whose answer was the most precise? Explain.
b. Find the error in approximation between the students’ value and the actual value.

c. When is it acceptable to round before solving and when is it not?
d. When it is acceptable to round before solving, how do you know what place to round to?

The concept of precision should also be tied to real-world contexts. For example, we do not buy 3.5 apples, but we may buy 3.5 Ibs of ground
beef, so rounding to a whole number is a precise humber in terms of buying apples. Therefore, being precise should relate to the real-world
context of the problems.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.NS.1-2)

ICLASSIFYING REAL NUMBERS . Real Numbers
t could be appropriate to use Venn diagrams/set diagrams or flow charts to show
the relationships among real, rational, irrational numbers, integers, and natural

numbers. The diagram should show that the all real numbers (numbers on the I Q Rational Can be represented as a fraction (ratio)
number line) are either rational or irrational. Irrational 1

It may be helpful to incorporate the Venn diagram by revealing each category set

Non-tenminating 0905999

by set. For example, first reveal the counting numbers, then whole numbers and so decimal Afl whole #s and their oppoxies

forth, revealing a larger and more complex “universe” as time progresses. The sets with no pattern — 357
can help students understand the “why” of math. At each level of depth the new set 1

was developed to answer new types of questions. For example any two whole & All Nﬂfgmll # and zero.

numbers can be added to get an answer, but it is not possible to subtract any two 1.24519764... o

Natural
The counting numbers
1.2.3, ..

whole numbers without introducing integers. Integers enlarge the number system
so that subtraction IS possible for any two integers. Similar reasoning extends to
other sets. The idea of zero (as a number and not just a placeholder) was not
thought about in Europe until the 12" century; it was even outlawed at one point.
Without the concept of zero, civilization would not have progressed as it had
because calculous could not be invented, which was fundamental to the
advancement in physics, engineering, computers, and financial and economic
theory. Adding the human element and history to a math concept it makes the idea
easier to incorporate into a student’s mind.

For kinesthetic learner have students create a Venn diagram foldable to show the relationships between the different types
of numbers.
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Instructional Tools/Resources
These tools and resources may be helpful for instruction. Before use, they should be evaluated at the local level to determine their
appropriateness for instruction.
o Card Sort: Real Number Statements by Mathycathy is a Desmos activity that encourages deeper thinking about the relationships of real
numbers using the words always, sometimes, and never.
e Approximating Irrationals by Matthew Kim is a Desmos activity where students write and graph approximations of irrational numbers.
Computing Pi is an applet by NCTM llluminations that allows students to approximate pi using circumscribed and inscribed polygons.
o A Ratio that Glitters: Exploring the Golden Ratio is a lesson by NCTM Illuminations that has students explore and approximate the
golden ratio, phi. NCTM now requires a membership to view their lessons.
e Comparing and Rational and Irrational Numbers is task by lllustrative Mathematics where students decide which number in a pair
is greater.
o A Real Number System Foldable by Professor Hutchinson is a Slideshare that shows how to make a foldable about the Real
Number System.

Curriculum and Lessons from Other Sources

o EngageNY Grade 8, Module 7, Topics A and B have a variety of lesson for this cluster. They are as follows: Lesson 2: Square Roots,
Lesson 6: Finite and Infinite Decimals, Lesson 7: Infinite Decimals, Lesson 8: The Long Division Algorithm, Lesson 9: Decimal
Expansion of Fractions, Part 1, Lesson 11: The Decimal Expansion of Some Irrational Numbers, Lesson 12: Decimal Expansion of
Fractions, Part 2, Lesson 13: Comparing Irrational Numbers, and Lesson 14: Decimal Expansion of Pi are lessons that pertain to this
cluster.

¢ lllustrative Mathematics, Grade 8, Unit 8: Pythagorean Theorem and Irrational Numbers, Lesson 1: The Area of Squares and their Side
Lengths, Lesson 3: Rational and Irrational Numbers, Lesson 4: Square Roots on a Number Line, Lesson 5: Reasoning About Square
Roots, and Lesson 14: Decimal Representations of Rational Numbers are lessons that pertain to this cluster. You must create an
account to view lllustrative Mathematics lessons on OpenUp Resources.

e Decimal Approximations of Squares and Roots is a lesson from Georgia Standards of Excellence Framework Grade 8, that allows
students approximate square roots using grid paper. Then students approximate square roots using inequalities. This lesson is found
on pages 18-27.

General Resources
e Arizona 6-8 Progression on the Number System and High School Progression on Number
This cluster is addressed on pages 14-15.
e Coherence Map by Achieve the Core is an interactive website that shows the progression and interconnectedness of the Common
Core standards. To be noted, there are some differences between Ohio’s Learning Standards and the Common Core, so although the
tool is useful, it needs to be checked with respect to Ohio’s Learning Standards.
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https://teacher.desmos.com/activitybuilder/custom/579b808cc34ad0c811a9e64f
https://teacher.desmos.com/activitybuilder/custom/579b808cc34ad0c811a9e64f
https://teacher.desmos.com/activitybuilder/custom/573cdd3a0e742d7e1a73ef6b
http://illuminations.nctm.org/Activity.aspx?id=3548
https://illuminations.nctm.org/lesson.aspx?id=3780
https://www.illustrativemathematics.org/content-standards/8/NS/A/2/tasks/336
https://www.slideshare.net/ProfessaX06/real-number-system-foldable-5151675
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-lesson-2
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-b-lesson-6
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-b-lesson-7
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-b-lesson-8
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-b-lesson-9
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-b-lesson-9
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-b-lesson-11
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-b-lesson-12
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-b-lesson-12
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-b-lesson-13
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-b-lesson-14
https://im.openupresources.org/8/teachers/8/1.html
https://im.openupresources.org/8/teachers/8/1.html
https://im.openupresources.org/8/teachers/8/3.html
https://im.openupresources.org/8/teachers/8/4.html
https://im.openupresources.org/8/teachers/8/5.html
https://im.openupresources.org/8/teachers/8/5.html
https://im.openupresources.org/8/teachers/8/14.html
https://www.georgiastandards.org/Georgia-Standards/Frameworks/8th-Math-Unit-2.pdf
http://commoncoretools.me/wp-content/uploads/2013/07/ccssm_progression_NS+Number_2013-07-09.pdf
https://achievethecore.org/coherence-map/8/38
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General Resources, continued
e High School Coherence Map by UnboundED is a map of the relationships among high school mathematics standards. Please note:
This resource is aligned to the Common Core not Ohio’s Learning Standards. Although the tool is useful, it needs to be checked with
respect to Ohio’s Learning Standards.

References
¢ Common Core Standards Writing Team. (2013, July 4). Progressions for the Common Core State Standards in Mathematics (draft).
Grades 6-8, The Number System; High School, Number. Tucson, AZ: Institute for Mathematics and Education, University of Arizona.
e Griffith, L. (February 2016). Exponent rummy. Mathematics Teaching in the Middle School, 21(6), 376-377.
e Nowling, D. (2007). Precision: The neglected part of the measurement standard. Mathematics Teacher, 100(5), 356-360.
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STANDARDS

MODEL CURRICULUM (8.EE.1-4)

EXPRESSIONS AND EQUATIONS
Work with radicals and integer
exponents.

8.EE.1 Understand, explain, and apply
the properties of integer exponents to
generate equivalent numerical
expressions. For example,

2 x3°=33=18 =1,

8.EE.2 Use square root and cube root
symbols to represent solutions to
equations of the form x2 = p and

x3 = p, where p is a positive rational
number. Evaluate square roots of small
perfect squares and cube roots of small

perfect cubes. Know that v/2 is irrational.
8.EE.3 Use numbers expressed in the
form of a single digit times an integer
power of 10 to estimate very large or very
small quantities and to express how many
times as much one is than the other. For
example, estimate the population of the
United States as

3 x 108; and the population of the world
as 7 x 10% and determine that the world
population is more than 20 times larger.
Continued on next page

Expectations for Learning

In previous grades students were exposed to writing expressions with whole number exponents. In
this cluster students should use patterns to extend their knowledge of exponents to include zero
and negative powers. They will develop an initial understanding of the properties of exponents in
numerical operations. Students are not expected to know or memorize the algorithmic rules for
exponents but rather derive the rules using patterns. In high school, students will be using the
properties of exponents more formally with algebraic expressions. In grade eight, students will also
develop an understanding of square and cube roots and their symbols to solve equations.

In previous grades students were exposed to understandings of powers of ten. In this cluster,
students will write very small and very large numbers in scientific notation. They will use this
knowledge to perform calculations and comparisons using scientific notation.

ESSENTIAL UNDERSTANDINGS
Exponents
Note: In 8" Grade all exponents are integers, so all notes refer to cases using integer
exponents.
e x°=1,whenx#0.
e XxX"= xin when x # 0.
e A coefficient is different than an exponent. For example, n? is different than 2n because n?
means n x n and 2n means 2 x n, and n®is different than 3n because n® means n x n x n
and 3n means 3 x n.
¢ A positive exponent denotes repeated multiplication of the base.
¢ A negative exponent denotes repeated division of the base.
e A negative exponent does not change the sign of the base.
Continued on next page
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STANDARDS MODEL CURRICULUM (8.EE.1-4)

8.EE.4 Perform operations with numbers Expectatlo ns for Learn | ng , Contl n ued

expressed in scientific notation, including
problems where both decimal notation ESSENTIAL UNDERSTANDINGS, CONTINUED

and scientific notation are used. Use Roots

scientific notation and choose units of  The equation x2= p has two solutions for x: \/p and —,/p. For example, in describing the
appropriate size for measurements of solutions to x2 = 36, students can write X = +/36 = +6.

very large or very small quantities, e.g., e The /pis defined to be the positive solution to the equation x2= p. For example, it is not

use millimeters per year for seafloor
spreading. Interpret scientific notation that
has been generated by technology.

correct to say that v/36 = +6 instead it should be /36 = 6.
e x%=p has only one solution for x: {/p.
e The square root of 2 is irrational.

Scientific Notation

e Scientific notation is a mathematical expression written as a decimal number greater than or
equal to one but less than 10 multiplied by a power of ten, e.g. 3.1 x 10%

¢ A number expressed in scientific notation that has a negative exponent is between negative
one and positive one.

o A number expressed in scientific notation that has a positive exponent is greater than one
or less than negative one.

e Powers of ten can be used to compare numbers written in scientific notation.

MATHEMATICAL THINKING

Compute accurately and efficiently with grade-level numbers.
Pay attention to and make sense of quantities.

Recognize and use a pattern or structure.

Use technology to deepen understanding.

Represent a concept symbolically.

Continued on next page
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MODEL CURRICULUM (8.EE.1-4)

8.EE.1-4, continued

Expectations for Learning, continued
INSTRUCTIONAL FOCUS
Exponents
e Use patterns and structure to develop an understanding of the properties of exponents.
e Create equivalent numerical expressions using the properties of integer exponents including
negative and zero exponents.

Roots
e Solve x2=p and x® = p, where p is a positive rational number. Show solutions with square
and cube root symbols.
e Evaluate square roots of perfect squares and cube roots of perfect cubes.

Scientific Notation

¢ Identify numbers in scientific notation.

e Convert numbers from scientific notation to decimal notation or from decimal notation to
scientific notation.
Compare numbers in scientific notation.

e Perform operations on numbers where both scientific notation and decimal notation are
used.

¢ Interpret how different technology devices show scientific notation.
Choose appropriately sized units when dealing with very large or very small quantities.

Content Elaborations
e Ohio’s K-8 Critical Areas of Focus, Grade 8, Number 4, page 55
e Ohio’s K-8 Learning Progressions, Expressions and Equations, pages 18-19

CONNECTIONS ACROSS STANDARDS
e Define and approximate irrational numbers (8.NS.1).
e Estimate irrational numbers (8.NS.2).
e Apply the Pythagorean Theorem (8.G.6-8).

Oh - Department
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Instructional Strategies

Note: The model curriculum is not a collection of lessons nor a full curriculum; it does not suggest pace,

Standards for Mathematical Practice

sequence, or amount of time spent on topics. It provides information about a topic related to the standards This cluster focuses on but is not limited to
including ideas for examples, strategies for teaching, common misconceptions, and possible connections the following practices:

between topics. In addition, the emphasis of the model curriculum is on instruction not on assessment; therefore, MP.2 Reason abstractly and quantitatively
the examples in the Instructional Strategies section are written for instructional purposes not necessarily as MP.6 Attend to precisi on.

assessment items. Examples may need to be rewritten to accommodate the needs of each individual classroom.
P ¥ MP.7 Look for and make use of structure.

MP.8 Look for and express regularity in

Although students begin using whole-number exponents in Grades 5 and 6, it is in Grade 8 :
repeated reasoning.

when students are first expected to understand, explain, and apply the properties of

exponents and to extend the meaning beyond counting-number exponents. It is no accident
that these expectations are simultaneous because it is the properties of counting-number exponents that provide the rationale for the properties
of integer exponents. In other words, students should not be told these properties but rather should derive them through experience and reason.

EXPONENTS

The focus in Grade 8 is on using patterns to find exponent rules. They should not be given the rules to memorize, but they should develop an
understanding of why they work. Although students may use bases that are variables as an extension, the focus is on using numerical bases to
create understanding. Exponents will also be limited to integers.

Students should use multiplicative reasoning and expanded notation to gain understanding of non-positive exponents.

@ When talking about the meaning of an exponential expression, it is easy to say (incorrectly) that “3°> means 3 multiplied by itself 5 times.”

But by writing out the meaning, 3°> = 3-3-3- 3 3, students can see that there are only 4 multiplications but 5 factors, so a better
description is “3° means 5 3s multiplied together.” Students also need to realize that these simple descriptions work only for counting-number
exponents. When extending the meaning of exponents to include 0 and negative exponents, these descriptions are limiting; it is not sensible to
say “3% means 0 3s multiplied together” or that “32 means -2 3s multiplied together.”
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EXAMPLE Exponent | Expanded
a. Finish filling out the table. Write your solutions as whole numbers or fractions (no decimals). Look for Form Form
54

patterns to help you.

b. What does 5° = ? Why?

c. What does 3° = ? Why? 53 9959 125
d. What does any number raised to the 0" power equal? Why? 52
e. What does 5 = ? Why? 51
f. What does 31 = ? Why? 0
g. What did you notice about negative exponents? S
h. What does any number raised to the negative exponent mean? 5-1
i. If positive exponents mean repeated multiplication, what do negative exponents mean? 5-2
53

Discussion: Students can use the third row of the chart to deduce that as you move from one row to the row above it, you multiply by 5. In
addition, as you move from one row to the one below it, you divide by 5. Using that logic 53 + 5 is 25 or 52, 52 = 5is 5 or 51, 51 + 5is 1 or 5°,

50+ 5is § or571, 571+ 5is 512 or % or 572, etc. Another way to approach non-positive integer exponents is to connect it to powers of 10,
thereby connecting to prior learning in 5.NBT.1-3.

@ Students oftentimes incorrectly think that a negative exponent means a negative number. Stress that the negative exponent is the
multiplicative inverse of the rational number.

Properties of Exponents Properties of Integer
Students should not simply be given the exponent rules. Many students who simply “memorize” the rules Exponents
without understanding may confuse the rules when trying to apply them at later times. Instead students For any nonzero real numbers
should be encouraged to discover the rules using tables, patterns, and expanded notation. As they have a and b and integers n and m:
multiple experiences simplifying numerical expressions with exponents, these properties become natural l.a%=1
and obvious. 2.a"=—

a

3.a"am=a™m"
4. (an)m - anm
5.a"b" = (ab)"

6.— =a™™™
‘a
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EXAMPLE
|| Eeeedm S
Form a. Fill out the table.
2l R b. What is 37% - 32?
4.4 c. Create a rule for multiplying powers (x"-x).
34.3° d. Would your rule work for 3% - 52?2 Explain.
5257 e. Based on your response to Part d., does
62.6° your rule need to be revised? If so, write the
4142 11 1 _,s revision below.
41 42 43
2—3_2-4
6-2.63

Discussion: If students reason about these examples with a sense of generality about the numbers, they begin to articulate the properties. For
example, “I see that 3 twos are being multiplied by 5 twos, and the results is 8 twos being multiplied together, where the 8 is the sum of 3 and 5,
the number of twos in each of the original factors.” This method would also work for a base other than two (as long as the bases are the same).

Students can use similar tables as the example above to explore the other exponent rules:
° (53)4=(5.5.5).(5.5.5).(5.5.5).(5.5.5)=512
e B37D*=GB"7"B7-@B7-B-7=@B"3:-3:3):(7-7-7-7)=3%-7*

36 3-3-3:3:3-3 ~3.3.3.3=3%

[ ] _——=
32 3-3

Students often confuse and misapply the properties of exponents. Have students expand the expressions with exponents until
they internalize the rules.

Another way to view the meaning of 0 and negative exponents is by applying the following principle: The properties of counting-number
exponents should continue to work for integer exponents.

e Therefore, the properties for exponents can also be used to help students understand x° = 1. For example, consider the following
expression and simplification: 3° - 35 = 3°*> = 35, This computation shows that the when 3° is multiplied by 3%, the result should be 3°,
which implies that 3° must be 1. Because this reasoning holds for any base other than 0, it can be reasoned that a° = 1 for any nonzero
number a.

e The properties of exponents can also help students make sense of negative exponents. To make a judgment about the meaning of 374,

the approach is similar: 37%-3% = 374** = 30 = 1. This computation shows that 37* should be the reciprocal of 3%, because their
product is 1. And again, this reasoning holds for any nonzero base. Thus, we can reason that a™ = ai

n
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In Grade 8 students should also have practice using negative numbers as bases. For example, it is very difficult for students to differentiate
between —32 and (—3)2. To help students differentiate between the two forms, encourage them to write it out in expanded form: (=3)? = -3 -
—3and —32=-1-3-3.

Have students identify the bases before solving problems as many students incorrectly only attribute the exponent to the nearest
number. For example, instead of realizing that (4 + 2)% = (4 + 2)-(4 + 2)-(4 + 2) = 216, they incorrectly calculate 4 + 23= 12.

-2
Students should also have practice using non-integer bases such as (1.5)° or G)

ROOTS
5 V8=2 In this cluster students will learn that the inverse operation for squaring a number is to find its square roots, and
I the inverse operation for cubing a number is finding its cube root and vice versa. To help students build a
5 conceptual understanding, connect roots to area and volume models where the area and volume are the
] radicand and the solution is the length of the side of the model. Another way to explain it is that the area and
5251 2 8 volume of the square or cube represents n; and the square and cube’s side length is represented by vn and ¥n

> 2 respectively.

Although students should realize that the index for a square root is assumed, it may be helpful for some students to put an index in
front of the root sign for a square root, ¥ . Once students become familiar with square roots the index for square roots can be
dropped.

Have students use geoboards, square tiles, graph paper, or unit cubes to build squares and cubes reviewing exponents in the process.
Problems such as the Painted Cube Problem, (See Instruction Tools/Resources), can then be modified to extend to square and cube roots.

Grade 8
- Department
Ohlo of Education



OHIO’S MODEL CURRICULUM WITH INSTRUCTIONAL SUPPORTS | Mathematics | 2018

INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.EE.1-4)
EXAMPLE Birthday
part 1 " Lenan [area |
Every time a square has a birthday, a one-inch square grows one inch in all directions. Note: On its !
. . . . . . . 2 0.49
first birthday, its dimensions are 1 inch by 1 inch. 3
a. Model the squares first five birthdays and fill out the table using graph paper or tiles. g 0.09
b. What would the square look like on its 12" birthday? = 1.21
c. What is the relationship between a square’s birthday and its area? 12 0.0025
d. If you were told that a square had an area of 81 in?, could you find its birthday? 81
e. Create a rule to find a square’s area given its birthday. b
f. Create a rule to find a square’s birthday given its area. a
g. Apply your rules to find the length of squares where the area is not a whole number.
Part 2 Birthday | Volume | Volume Total Number | Number | Number | Number
) ) . ) ) ) ) of large of large | number | of small | of small | of small | of small
Every time a cube has a blrthday, it grows one inch in all directions. On each cube (in3) | cube (in?) | of small | cubes cubes cubes cubes
birthday, the cube is dipped in paint, so each of its outside faces are painted :‘::(‘;:L:: cubes p“::fl';:d p:;m:d p";::l’;:d p“;:f:;:d
a new color. Note: On its first birthday, its dimensions are 1 inch by 1 inch by form faces | faces | faces | faces
1 inch. 1
a. Build the cube’s first five birthdays and fill out the table. 2
b. What yvould the gube !ook like on its 11" bir'ghday? _ 3 3.3.3 33 o7 8 12 6 1
c. What is the relationship between a cube’s birthday and its volume?
d. If you were told that a cube had a volume of 512 in3, could you find 5
its birthday? 5
e. Create a rule to find a cube’s volume given its birthday. Explain why 1
it works. 512
Example for Part 2 continued on next page 5
v
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eI f.  Create a rule for finding how many cubes have 3 painted faces?
g. Create a rule for finding how many cubes have 2 painted faces?
729 h. Create a rule for finding how many cubes have 1 painted faces?
[
J

343 Create a rule for finding how many cubes have 0 painted faces?
1,000 . Why do you think the chart omits 4 or 5 painted faces?

1728 k. Create arule to find a cube’s birthday given its volume.

0.125 |.  Find the lengths of different cubes given their volumes.

0.027 Adapted from the Painted Cube Problem.

0.216

3.375

0.000001

Also, provide practical opportunities for students to flexibly move between forms of squared and cubed numbers. For example, If 32 = 9 then
\/5 = 3. This flexibility should be experienced symbolically and verbally with manipulatives and with drawings.

A common misconception is the failure to understand v/9 = 3 and not —3 since it indicates the principal square root, while x> = 9 has two
solutions 3 and —3.

Connecting Irrational Roots to the Pythagorean Theorem
Opportunities to understand irrational numbers conceptually should be developed. One way is for students to draw a square that is one unit by

one unit and find the diagonal using the Pythagorean Theorem. The diagonal drawn has an irrational length of v/2. Other irrational lengths can
be found using the same strategy by finding diagonal lengths of rectangles with various side lengths. See cluster 8.NS.2 for more information on

irrational roots.

10"
4 7 . 5

SCIENTIFIC NOTATION

The meanings of integer exponents, especially with respect to 0 and negatives, can be
further explored in a place-value chart:

Thus, integer exponents support writing any decimal in expanded form like the
following: 3247.568 =3-103 +2-102+4-10*+7-10°+5-10"1+6-1072+8-1073.

(]

Expanded form and the connection to place value is important for helping students
make sense of scientific notation, which allows very large and very small numbers to be
written concisely, enabling easy comparison. Students can make sense of scientific
notation and negative exponents by using patterns.

2 1 0—3

()] 3 hundredths

SIS hundreds

-
w o
]
-
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a.
b.

C.

@ @ °os3-

&

EXAMPLE

Fill in the table.

What do you notice about numbers written in scientific
notation where the exponent is positive?

What do you notice about numbers written in scientific
notation where the exponent is negative?

Michael said that 4.2 x 10~° is a negative number. Is he
correct? Explain.

Explain why 10° = 1. Revise your rule if necessary in Part
b.

What do you think 3.1 x 10° will be in standard notation?
What do you think 3.1 x 10~7 will be in standard notation?
Create a rule for converting scientific notation to standard
notation. Will it always work? Explain.

What do you think 41,000,000,000 is in scientific notation?
What do you think 0.0000000056 is in scientific notation?

Scientific Standard
Notation Notation

3.1x10% _ 3.1x10x10x10x10 3.1x10,000 31,000
3.1x10° |

3.1x 102 |

3.1x10" |

3.1x10° |

3.1x 107"

3.1x102 34x-L 31 x —— 31 x —— 0.031

102 10-10 100

3.1x103

3.1x10%

Create a rule for converting standard notation to scientific notation.

Will it always work? Explain.
What is the relationship between 3.1 x 10%and 3.1 x 102?

. What is the relationship between 3.1 x 10* and 3.1 x 103?
What is the relationship between 3.1 x 1073and 3.1 x 10~%?

Generalize relationships between the rows in the table.

Students often think the decimal point moves, but the decimal point really stays fixed and the values of the digits change their place-value
position by a factor of 10. Since the value of the digits change by a factor of 10, the digits, not the decimal point, moves.

Students often confuse which way to move the digits in relation to the decimal point. Train them to ask themselves “Is the number really
small or really large?” and then move it accordingly.

Students may incorrectly think that the exponent tells the number of zeros to add. Continually ask the students if there is a relationship
between the number of zeros and the exponents.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.EE.1-4)

EXAMPLE
a. Create a two-column table displaying scientific notation and standard form for the number 6.2 multiplied by various powers of 10 (Use
both positive and negative exponents).
Study the table, is there a rule between the number of zeros and the exponent. Explain.
Does your rule in part b. hold true for 5.27 x 1030r 4.621 x 10%0r even 2.3489 x 10°. Explain.
Does your rule in part b. hold true for 5.27 x 10~30r 4.621 x 10~50r even 2.3489 x 10~°. Explain.
Revise your rule if necessary in part b. depending on what you learned in parts ¢. and d.

ma oo

To develop familiarity, go back and forth between standard notation and scientific notation for numbers. Compare numbers, where one is given
in scientific notation and the other is given in standard notation. Have students place numbers written in scientific notation on a number line and
order them without converting them to standard form. Students should come to the conclusion that when determining value, the power is more
important than the coefficient.

EXAMPLE
Order 4.2 x 107°, 2.8 x 10% 3.1 x 10° and 2.5 x 10~ on a number line.

| 2.5 x 1071 |
| -5 | | |
4.2 x 10 3.1 x 100

2.8 x 104

Way to the right

—l y 1 ] | | | |

T T 1 T T T »

-1 0 1 2 3 4 5

Students often think that numbers written in scientific notation with negative exponents are negative numbers instead of really small
numbers between 0 and 1. To break this misconception have students practice placing numbers written in scientific notation on a
number line.

Real-world problems can help students compare quantities and make sense about their relationships. Conversely scientific notation can also
help students make sense of really large or small numbers by modeling situations. Students should as often as possible have a real-world
situation to model when using scientific notation to help their understanding of the concept.
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EXAMPLE
e Lake Erie has about 1.276 x 10** cubic gallons of water. If Lake Superior is about 25 times the size of Lake Erie, how big is Lake
Superior?
o How does temperature affect water levels in the great lakes? (An investigation like this could possibly tie into the statistics standards and
modeling.)

At the very end of all their previous exploration with exponent rules, have students apply rules to operations using scientific notation.

EXAMPLE
9.3 x 10°

3.1 x 103

a. Evaluate. Write your solution in scientific notation.
b. How many times bigger is 9.3 x 10° than 3.1 x 103?

5
Discussion: Students should recognize that 9.3 + 3.1 is 3 and that % is equivalent to 102 so it equals 3 x 102,

Instructional Tools/Resources
These tools and resources may be helpful for instruction. Before use, they should be evaluated at the local level to determine their
appropriateness for instruction.
Manipulatives/Technology
e Square tiles and cubes to develop understanding of squared and cubed numbers
e Calculators to verify and explore patterns
¢ Webquests using data mined from sites like the U.S. Census Bureau, scientific data (planetary distances)
¢ Place value charts to connect the digit value to the exponent (negative and positive)

Painted Cube or Birthday Problem

e The Painted Cube by Oregon Department of Education
Painted Cubes from the Mathematics Centre
Painted Sides of a Cube from The University of Georgia
Painted Cube from NRICH Enriching Mathematics
The Painted Cube by CollecEDNY
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http://www.ode.state.or.us/teachlearn/subjects/mathematics/thepaintedcube.pdf
http://mathematicscentre.com/taskcentre/160paint.htm
http://jwilson.coe.uga.edu/EMT668/EMT668.Student.Folders/SeitzBrian/EMT669/painted.cube/painted.html
https://nrich.maths.org/2322/solution
http://www.collectedny.org/mathmemos/the-painted-cube/
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Roots

Powers of Ten

Exponents

Scientific Notation

Secret Worlds: The Universe Within by Molecular Expressions: Science, Optics and You allows students to move through and view the
universe by powers of 10. There is an accompanying activity called Perspectives: Powers of 10 where students make drawings based
on powers of ten.

Powers of Ten by Scale of the Universe is a video that shows that moves through and views the universe by powers of ten.

Orders of Magnitude is a task by lllustrative Mathematics that helps students understand powers of ten.

Extending the Variation of Exponents, Variation 1 is a task by lllustrative Mathematics that has students create meaning of negative
integer exponents.

Ponzi Pyramid Scheme by Essential Understanding of the Common Core has students develop exponent rules by using the Ponzi
Pyramid Scheme, Tables, a Spinner Game, and Bingo.

Exponents Jeopardy Game by Math-Play.Com is an online math game which allows students to review writing exponents. (Note: Do not
click download; click “The game” in blue font.)

USADebtClock.com is a clock that shows the national debt growing in real time. It can be used to demonstrate large numbers as a tie-in
to scientific notation.

Estimate and Compare Measurements in Scientific Notation by Mobius Math is a worksheet that builds the conceptual understanding of
scientific notation.

Ants versus Humans is a task by lllustrative Mathematics that requires students to work with very large and small numbers expressed in
scientific notation and standard form.

Choosing Appropriate Units is a task by lllustrative Mathematics that requires students to use scientific notation in choosing units to
report quantities.

Giantburgers is a task by lllustrative Mathematics that requires students do think logically about scientific notation to solve problems.
Applications of Scientific Notation by NASA is a worksheet with astronomical problems that use scientific notation.

Jeopardy Review: Exponents-Scientific Notation by jeopardylabs.com is a review game about exponent rules and scientific notation
Scientific Notation by jeopardylabs.com is a Jeopardy Game reviewing scientific notation and comparing scientific notation.

Visualizing Squares and Square Roots contains two lessons by NCTM llluminations where students use geoboards to visualize the
geometric meanings of square and square root. NCTM now requires a membership to view their lessons.

Squares, diagonals, and Square Roots is a lesson by NCTM llluminations where students explore the relationship between the length of
the sides and diagonals of a square. NCTM now requires a membership to view their lessons.

Ohio

Grade 8

Department
of Education


http://micro.magnet.fsu.edu/primer/java/scienceopticsu/powersof10/
http://micro.magnet.fsu.edu/optics/activities/students/perspectives.html
http://scaleofuniverse.com/powers-of-ten/
https://www.illustrativemathematics.org/content-standards/8/EE/A/3/tasks/1593
https://www.illustrativemathematics.org/content-standards/8/EE/A/1/tasks/395
https://eucc2011.wikispaces.com/file/view/8.EE.1-Multiplying+Exponents.pdf
http://www.math-play.com/Exponents-Jeopardy/Exponents-Jeopardy.html
http://www.math-play.com/Exponents-Jeopardy/Exponents-Jeopardy.html
http://www.usadebtclock.com/
https://www.mobiusmath.com/files/gr8ccsSamplePages.pdf
https://www.illustrativemathematics.org/content-standards/8/EE/A/4/tasks/823
https://www.illustrativemathematics.org/content-standards/8/EE/A/4/tasks/1981
https://www.illustrativemathematics.org/content-standards/8/EE/A/4/tasks/113
https://www.nasa.gov/pdf/371727main_SMII_Problem9.pdf
https://jeopardylabs.com/play/jeopardy-review-exponents-scientific-notation
https://jeopardylabs.com/play/scientific-notation3
https://illuminations.nctm.org/Unit.aspx?id=6553
http://illuminations.nctm.org/lesson.aspx?id=2351
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Roots, continued
e Square Roots Go Rational is a lesson by NCTM Illuminations where students explore no-so-perfect squares. NCTM now requires a
membership to view their lessons.
e Stacking Squares is a lesson by NCTM Illuminations where students explore ways of arranging square to represent square and cube
roots. NCTM now requires a membership to view their lessons.

Curriculum and Lessons from Other Sources

o EngageNY Grade 8, Module 1, Topic A, Lesson 1: Exponential Notation, Lesson 2: Multiplication and Division of Numbers in
Exponential Form, Lesson 3: Numbers in Exponential Form Raised to a Power, Lesson 4: Numbers Raised to the Zeroth Power, Lesson
5: Negative Exponents and the Laws of Exponents, Lesson 6: Proof of the Laws of Exponents are lessons about exponential notation
and the properties of integer exponents.

o EngageNY Grade 8, Module 1, Topic B, Lesson 7: Magnitude, Lesson 8: Estimating Quantities, Lesson 9: Scientific Notation, Lesson
10: Operations with Numbers in Scientific Notation, Lesson 11: Efficacy of Scientific Notation, Lesson 12: Choice of Unit, Lesson 13:
Comparison of Numbers Written in Scientific Notation and Interpreting Scientific Notation Using Technology are lessons about scientific
notation.

¢ lllustrative Mathematics, Grade 8, Unit 7: Exponents and Scientific Notation has many lessons that pertain to this cluster. You must
create an account to view lllustrative Mathematics lessons on OpenUp Resources.

¢ lllustrative Mathematics, Grade 8, Unit 8: The Pythagorean Theorem, Lesson 2: Side Lengths and Areas, Lesson 3: Rational and
Irrational Numbers, Lesson 4: Square Roots and the Number Line, Lesson 5: Reasoning About Square Roots, Lesson 12: Edge Lengths
and Volumes, Lesson 13: Cube Roots are lessons that pertain to this clusters. You must create an account to view lllustrative
Mathematics lessons on OpenUp Resources.

General Resources

e Coherence Map by Achieve the Core is an interactive website that shows the progression and interconnectedness of the Common Core
standards. To be noted, there are some differences between Ohio’s Learning Standards and the Common Core, so although the tool is
useful, it needs to be checked with respect to Ohio’s Learning Standards.

e Arizona 6-8 Progression on Expressions and Equations
This cluster is addressed on page 11.

¢ High School Coherence Map by UnboundED is a map of the relationships among high school mathematics standards. Please note: This
resource is aligned to the Common Core not Ohio’s Learning Standards. Although the tool is useful, it needs to be checked with respect
to Ohio’s Learning Standards.
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http://illuminations.nctm.org/Lesson.aspx?id=3184
http://illuminations.nctm.org/Lesson.aspx?id=3184
http://illuminations.nctm.org/Lesson.aspx?id=2076
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-lesson-1
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-lesson-2
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-lesson-2
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-lesson-3
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-lesson-4
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-lesson-5
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-lesson-5
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-lesson-6
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-b-lesson-7
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-b-lesson-8
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-b-lesson-9
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-b-lesson-10
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-b-lesson-10
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-b-lesson-11
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-b-lesson-12
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-b-lesson-13
https://www.engageny.org/resource/grade-8-mathematics-module-1-topic-b-lesson-13
https://im.openupresources.org/8/teachers/7.html
https://im.openupresources.org/8/teachers/8/2.html
https://im.openupresources.org/8/teachers/8/3.html
https://im.openupresources.org/8/teachers/8/3.html
https://im.openupresources.org/8/teachers/8/4.html
https://im.openupresources.org/8/teachers/8/5.html
https://im.openupresources.org/8/teachers/8/12.html
https://im.openupresources.org/8/teachers/8/12.html
https://im.openupresources.org/8/teachers/8/13.html
https://achievethecore.org/coherence-map/8/38
https://commoncoretools.files.wordpress.com/2011/04/ccss_progression_ee_2011_04_25.pdf
file:///C:/Users/10123376/Downloads/High_School_Coherence_Map_v1.0__1_%20(2).pdf#page=4
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STANDARDS

MODEL CURRICULUM (8.EE.5-6)

EXPRESSIONS AND EQUATIONS
Understand the connections between
proportional relationships, lines, and
linear equations.

8.EE.5 Graph proportional relationships,
interpreting the unit rate as the slope of
the graph. Compare two different
proportional relationships represented in
different ways. For example, compare a
distance-time graph to a distance-time
equation to determine which of two
moving objects has greater speed.
8.EE.6 Use similar triangles to explain
why the slope m is the same between any
two distinct points on a non-vertical line in
the coordinate plane; derive the equation
y = mx for a line through the origin and
the equation y = mx + b for a line
intercepting the vertical axis at b.

Expectations for Learning

In previous grades students were exposed to unit rates and the constant of proportionality. In this
cluster students will extend their vocabulary to include rate of change, rise over run, and slope.
Students will understand that these are equivalent to the unit rate and constant of proportionality
and is represented by the variable m. Students will use their knowledge of similar triangles to derive
the slope of a line. Students will be introduced to the concept of the y-intercept. They will construct
equations in the form of y = mx or y = mx + b to describe the relationship between two variables.
These linear relationships provide the initial foundation for an understanding of functions.

ESSENTIAL UNDERSTANDINGS
o The slope is a constant ratio between the rise and the run for any two points on a line.

A graph of a proportional relationship is a line that passes through the origin.

Only the slope, m, of the equation y = mx represents a proportional relationship.

Slope is represented by m in the equation y = mx ory = mx + b.

Corresponding angles in similar right triangles are equal.

Corresponding sides of similar triangles are proportional.

A line in the form y = mx and intersects the origin.

A line in the form y = mx + b intersects the y-axis at (0, b) with b being the y-intercept. Note:

A linear function has neither a slope nor a y-intercept. But the graph of a linear function has

both.

¢ Arelationship between two variables can be represented as a graph, table, equation, or
verbal description.

MATHEMATICAL THINKING

Use accurate mathematical vocabulary to describe mathematical reasoning.

Represent a concept symbolically.

Solve real-word problems accurately.

Compute using strategies or models.

Make connections between concepts, terms, and properties within the grade level and with
previous grade levels.
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STANDARDS

MODEL CURRICULUM (8.EE.5-6)

8.EE.5-6, continued

Expectations for Learning, continued
INSTRUCTIONAL FOCUS

Graph proportional relationships, identifying the constant of proportionality (unit rate) as the
slope of the line.

Compare different representations of a proportional relationship (graph, table, equation,
verbal description).

Use similar right triangles to derive the slope of the line.

Determine the relationship between the two variables by writing an equation in the formy =
mx ory = mx + b.

Compare the equationsy = mx and y = mx + b.

Content Elaborations

Ohio’s K-8 Critical Areas of Focus, Grade 8, Number 1, page 50-51
Ohio’s K-8 Critical Areas of Focus, Grade 8, Number 3, pages 53-54
Ohio’s K-8 Learning Progressions, Expressions and Equations, pages 18-19

CONNECTIONS ACROSS STANDARDS

Describe the effect of dilations (8.G.3).

Use informal arguments to establish facts about the angle sum and exterior angles of
triangles and angles created when parallel lines are cut by a transversal (8.G.5).

Compare properties of two functions each represented in a different way (8.F.2).

Interpret the equation y = mx + b as defining a linear function, whose graph is a straight line
(8.F.3).

Construct a function to model a linear relationship between two quantities (8.F.4)
Determine the rate of change and initial value from a table or graph (8.F.4).

Use the equation of a linear model to solve problems in the context of bivariate
measurement data, interpreting slope and y-intercept (8.SP.4).
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http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/Transitioning-to-the-2017-Learning-Standards-in-Ma/K-8-Critical-Areas-of-Focus-3-7-17.pdf.aspx#page=50
http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/Transitioning-to-the-2017-Learning-Standards-in-Ma/K-8-Critical-Areas-of-Focus-3-7-17.pdf.aspx#page=53
http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/Transitioning-to-the-2017-Learning-Standards-in-Ma/Ohio-s-K-8-Learning-Progressions.pdf.aspx#page=18
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Instructional Strategies

Note: The model curriculum is not a collection of lessons nor a full curriculum; it does not suggest pace,
sequence, or amount of time spent on topics. It provides information about a topic related to the standards

Standards for Mathematical Practice

including ideas for examples, strategies for teaching, common misconceptions, and possible connections This cluster focuses on but is not limited to
between topics. In addition, the emphasis of the model curriculum is on instruction not on assessment; therefore, the following practices:
the examples in the Instructional Strategies section are written for instructional purposes not necessarily as MP.2 Reason abstractly and quantitatively.

assessment items. Examples may need to be rewritten to accommodate the needs of each individual classroom. oA
! xamp y i indvidu MP.6 Attend to precision.

MP.7 Look for and make use of structure.
MP.8 Look for and express regularity in
repeated reasoning.

This cluster focuses on extending the understanding of ratios and proportions. Unit rates
have been explored in Grade 6 as the comparison of two different quantities where the
second unit is a unit of one, (unit rate). In Grade 7, unit rates were expanded to complex
fractions and percents through solving multi-step problems such as discounts, interest, taxes, tips, and percent of increase or decrease.
Proportional relationships were applied in scale drawings, and students should have developed an informal understanding that the steepness
of the graph is the unit rate. Now in Grade 8 unit rates are addressed formally, and slope is introduced in graphical representations, in
algebraic equations, and in geometry through similar triangles.

UNIT RATE AS THE SLOPE

Students in Grade 7 represented proportional relationships as equations such as y = kx or t = pn. They also graphed proportional relationships
discovering that a graph of a proportion must go through the origin, and that in the point (1, r), r is the unit rate. Now in Grade 8, the unit rate of
a proportion is used to introduce “the slope” of the line.

One can see the constant of proportionality as the relationship between two quantities in equations, tables, graphs, and function machines.
Now students need to make connections between the different representations in order to come to a unified understanding that the different
representations are in essence different ways of modeling the same information. Explicit connections need to be made between the
multiplicative factor, the slope, scale factor, and an increment in a table. They need to analyze information given in multiple representations to
answer gquestions when comparing. Information can be given in graphs, tables, equations, and/or words.

Use the Frayer Model© to help students describe the connections between a table, a graph, a proportional relationship, and a
relationship described in words and with an equation.

To reinforce the relationships between the x and the y, students should continually name quantities for the real-world problem they
represent. They should also identify the independent and dependent variables. (See 6.EE.9 for more information.) Also, use graphs where the
scale is not always one and present problems that require graphing rational numbers that are not limited to integers.

Grade 8
- Department
Ohlo of Education


https://www.nbss.ie/sites/default/files/publications/frayer_model_-_vocbulary_strategy_handout__copy_3.pdf
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Distance-time problems
Distance-time problems are common in mathematics. In this cluster, they serve the purpose of illustrating how the rates of two objects can be

represented, analyzed, and described in different ways: verbally, graphically, tabularly, and algebraically. Emphasize the creation of
representative graphs and the meaning of various points. Then compare the same information when represented in an equation.

EXAMPLE
Which car is going faster, Car A, Car B, or Car C?

CarB
minutes (x) miles (y)
15 12.5
30 25
45 375

CarC

|carcis traveling 1/6 miles per
minute faster than car B.

DISCOVERING SLOPE THROUGH SIMILAR TRIANGLES
By using coordinate grids and various sets of similar triangles, students can prove that the slopes of the corresponding sides are equal, thus
making the unit rate or rate of change equal. Two triangles are similar if the second can be obtained by the first from a sequence of rotations,

reflections, translations, and dilations. (8.G.4).

Therefore if one triangle can be mapped on top of the other by a sequence of transformations, the triangles are similar, which means the sides
are proportional.
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EXAMPLE
Prove that a line has a constant rate of change.

Discussion: Have students draw a line, and then draw two right triangles where the hypotenuse is on the
line. Then have students prove that they are similar by a series of transformations, so one triangle is mapped
onto the other. For example, if AABC is translated 9 units to the right and 6 units up and dilated by Y%, with
center of dilation at vertex A, they can discover that the triangles are similar. They can also discover that
both hypotenuses have the same slope.

Also, it may be useful to also have students prove the converse.

123 456789101112131415

EXAMPLE
Prove that if a collection of ordered pairs has constant rate of change, then it forms a line.

Affording students many experiences with multiple sets of triangles allow students to discover and to generalize the slope to y = mx for a line
through the origin and y = mx + b for a line through the vertical axis at b. It is also very important to connect these concepts with real-
world examples.

EXAMPLE

Jonna runs 100 meters in 14 seconds.
¢ If she maintains a constant speed, use slope triangles to show some other combinations of meters and seconds that she could run.
e What do you notice about all your triangles?
e Could you write an equation that demonstrates Jonna’s speed?

Students should discover that y = mx is a special case of y = mx + b where y = mx is a proportion and y = mx + b is not. They may want to
connect it to 8.G.2 with the idea that y = mx + b is in essence just a vertical translation of y = mx.

I;IE Use graphing utilities such as Desmos to show the lines in the form of y = mx + b as vertical translations of the equation y = mx.
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https://www.desmos.com/calculator
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Instructional Tools/Resources
These tools and resources may be helpful for instruction. Before use, they should be evaluated at the local level to determine their
appropriateness for instruction.
e Slopes Between Points on a Line is a task by Illustrative Mathematics that helps students understand why the calculated slope will be
the same for any two points on a line.
e Peaches and Plums, Comparing Speeds in Graphs and Equations, and Who Has the Best Job? are tasks by lllustrative Mathematics
that helps students reason about unit rates using a real-world problem.
e Sore Throats, Variation 2, Stuffing Envelopes, and Coffee by the Pound are tasks by lllustrative Mathematics that connects the 8"
grade standard 8.EE.5 to its predecessors 7.RP.2 and 6.EE.9.
e Walk Out is a 3-Act Task by TapintoTeenMinds that helps students match a distance-time graph to a situation.
Tech Weight is a 3-Act Task by TaplntoTeenMinds that works with direct variation situations.
e How Fast Can Bamboo Grow? by BBC’s Wild China has a Youtube video about the linear growth of bamboo. Some bamboo species
grow nearly 1.5 inches per hour.

Curriculum and Lessons from Other Sources

e EngageNY Grade 8, Module 4, Topic B, Lesson 10: A Critical Look at Proportional Relationships and Lesson 11: Constant Rate
discuss proportions, linear equations in two variables, and their graphs.

e EngageNY Grade 8, Module 4, Topic C, Lesson 15: The Slope of a Non-Vertical Line and Lesson 16: The Computation of the Slope
and a Non-Vertical Line use similar triangles to explore slope.

o lllustrative Mathematics, Grade 8, Unit 2: Dilations, Similarity, and Introducing Slope, Lesson 10: Meet Slope, Lesson 11: Writing
Equations for Lines, Lesson 12: Using Equations for Lines are lessons that pertain to this cluster. You must create an account to view
lllustrative Mathematics lessons on OpenUp Resources.

¢ lllustrative Mathematics, Grade 8, Unit 3: Linear Relationships, Lesson 1: Understanding Proportional Relationships, Lesson 2: Graphs
of Proportional Relationships, Lesson 3: Representing Proportional Relationships, Lesson 4: Comparing Proportional Relationships,
Lesson 5: Introduction to Linear Relationships, Lesson 7: Representations of Linear Relationships, Lesson 8: Translating to y = mx + b,
are lessons that pertain to this cluster. You must create an account to view lllustrative Mathematics lessons on OpenUp Resources.

General Resources

e Arizona 6-8 Progression on Expressions and Equations
This cluster is addressed on pages 11-12

e Coherence Map by Achieve the Core is an interactive website that shows the progression and interconnectedness of the Common
Core standards. To be noted, there are some differences between Ohio’s Learning Standards and the Common Core, so although the
tool is useful, it needs to be checked with respect to Ohio’s Learning Standards.
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https://www.illustrativemathematics.org/content-standards/EE/8/B/6/tasks/1537
https://www.illustrativemathematics.org/content-standards/EE/8/B/5/tasks/55
https://www.illustrativemathematics.org/content-standards/EE/8/B/5/tasks/57
https://www.illustrativemathematics.org/content-standards/EE/8/B/5/tasks/184
https://www.illustrativemathematics.org/content-standards/EE/8/B/5/tasks/86
https://www.illustrativemathematics.org/content-standards/EE/8/B/5/tasks/184
https://www.illustrativemathematics.org/content-standards/EE/8/B/5/tasks/129
https://tapintoteenminds.com/3act-math/walk-out/#task
https://tapintoteenminds.com/3act-math/tech-weigh-in/#task
https://www.youtube.com/watch?v=-aARFhjJ7EA
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-b-lesson-10
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-b-lesson-11
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-c-lesson-15
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-c-lesson-16
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-c-lesson-16
https://im.openupresources.org/8/teachers/2/10.html
https://im.openupresources.org/8/teachers/2/11.html
https://im.openupresources.org/8/teachers/2/11.html
https://im.openupresources.org/8/teachers/2/12.html
https://im.openupresources.org/8/teachers/3/1.html
https://im.openupresources.org/8/teachers/3/2.html
https://im.openupresources.org/8/teachers/3/2.html
https://im.openupresources.org/8/teachers/3/3.html
https://im.openupresources.org/8/teachers/3/4.html
https://im.openupresources.org/8/teachers/3/5.html
https://im.openupresources.org/8/teachers/3/7.html
https://im.openupresources.org/8/teachers/3/8.html
https://commoncoretools.files.wordpress.com/2011/04/ccss_progression_ee_2011_04_25.pdf
https://achievethecore.org/coherence-map/8/38
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.EE.5-6)

General Resources, continued
e High School Coherence Map by UnboundED is a map of the relationships among high school mathematics standards. Please note:
This resource is aligned to the Common Core not Ohio’s Learning Standards. Although the tool is useful, it needs to be checked with
respect to Ohio’s Learning Standards.

References
e Baltus, C. (April 2010). Connected representations from proportion to linear functions. Mathematics Teacher, 103(8), 590-596.
e Common Core Standards Writing Team. (2013, July 4). Progressions for the Common Core State Standards in Mathematics (draft). 6-
8, Expressions and Equations. Tucson, AZ: Institute for Mathematics and Education, University of Arizona.
e Langrall, C., & Swafford, J. (December 2000). Two balloons for two dollars: developing proportional reasoning. Mathematics Teaching
in the Middle School, 6(4), 254-261.
¢ Williams-Candek, C. (October 2016). All talk and more action. Mathematic Teaching in the Middle School, 22(3), 162-170.
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file:///C:/Users/10123376/Downloads/High_School_Coherence_Map_v1.0__1_%20(1).pdf#page=4
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STANDARDS

MODEL CURRICULUM (8.EE.7-8)

EXPRESSIONS AND EQUATIONS
Analyze and solve linear equations
and pairs of simultaneous linear
eguations.

8.EE.7 Solve linear equations in one
variable.

a. Give examples of linear equations in
one variable with one solution,
infinitely many solutions, or no
solutions. Show which of these
possibilities is the case by
successively transforming the given
equation into simpler forms, until an
equivalent equation of the form
X =a,a=a, ora=bresults (where a
and b are different numbers).

b. Solve linear equations with rational
number coefficients, including
equations whose solutions require
expanding expressions using the
distributive property and collecting
like terms.

8.EE.8 Analyze and solve pairs of
simultaneous linear equations
graphically.

a. Understand that the solution to a pair
of linear equations in two variables
corresponds to the point(s) of
intersection of their graphs, because
the point(s) of intersection satisfy
both equations simultaneously.

Continued on next page

Expectations for Learning

In prior grades, students learn to solve and graph linear equations algebraically and through real-
world examples. In this cluster, students will continue to solve and graph linear equations that
include rational coefficients, variables on both sides, and distributive property. Students will solve
pairs of linear equations through graphing and simple inspection. They will determine if a pair of
linear equations in two variables has no solutions, one solution, or infinitely many solutions. This
cluster sets the foundation to solving systems of equations in high school Algebra.

ESSENTIAL UNDERSTANDINGS
Linear Equations

Linear equations can have no solutions, one solution, or infinitely many solutions.
Linear equations are solved by using inverse operations.

Linear equations that are equivalent to x = a have one solution.

Linear equations that are equivalent to a = a have infinitely many solutions.
Linear equations that are equivalent to a = b have no solutions.

Pairs of Linear Equations

Pairs of linear equations can have no solutions, one solution, or infinitely many solutions.
Pairs of linear equations in two variables that intersect at one point have one solution.
Pairs of linear equations in two variables that are parallel have no solutions.

Pairs of linear equations in two variables that have all points in common have infinitely
many solutions.

The solution(s) to a pair of linear equations in two variables make both equations true.

A solution to a pair of linear equations in two variables is often written as an ordered pair.

Continued on next page
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STANDARDS MODEL CURRICULUM (8.EE.7-8)

b. Use graphs tofind or estimate the | Fxpectations for Learning, continued

solution to a pair of two simultaneous
linear equations in two MATHEMATICAL THINKING

variables. Equations should include e Create a model to make sense of a problem.
all three solution types: one e Determine reasonableness of results.
solution, no solution, and infinitely » Apply grade-level concepts, terms, and properties.
many solutions. Solve simple cases e Recognize and use a pattern or structure.
by inspection. For example, e Recognize, apply, and justify mathematical concepts, terms, and their properties.
3x + 2y =5and 3x + 2y = 6 have no
solution because 3x + 2y cannot INSTRUCTIONAL FOCUS
simultaneously be 5 and 6. Linear Equations
¢. Solve real-world and mathematical  Solve multi-step equations with rational coefficients that may include variables on both
problems leading to pairs of linear sides, distributive property, and collecting like terms.
equations in two variables. For o Determine whether a linear equation has no solutions, one solution, or infinitely many
example, given coordinates for two solutions.

pairs of points, determine whether the
line through the first pair of points
intersects the Ilqe through the second Pairs of Linear Equations
pair. (Limit solutions to those that can . . . . . . . .
be addressed by graphing.) ¢ Determine whether a pair of linear equations in two variables has no solutions, one solution,
or infinitely many solutions.
¢ Find or estimate which points are solutions to a pair of linear equations in two variables.
Solve pairs of linear equations in two variables graphically and by simple inspection.
e Solve real-world problems using pairs of linear equations in two variables that can be
addressed graphically.
o Utilize different scales when graphing pairs of linear equations in two variables.
Continued on next page

e Graph the solution to a linear equation on a number line.
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STANDARDS

MODEL CURRICULUM

8.EE.7-8, continued

Content Elaborations
e Ohio’s K-8 Critical Areas of Focus, Grade 8, Number 1, pages 50-51
e Ohio’'s K-8 Learning Progressions, Expressions and Equations, pages 18-19

CONNECTIONS ACROSS STANDARDS

¢ Use the equation of a linear model to solve problems in the context of bivariate
measurement data (8.SP.3).

e Graph proportional relationships, and compare proportional relationships represented in
different ways (8.EE.5).
Use similar triangles to explain slope (8.EE.6).

¢ Understand that a function is a rule that assigns to each input exactly one output (8.F.1).
Compare the properties of two functions (8.F.2).

Oh - Department
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http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/Transitioning-to-the-2017-Learning-Standards-in-Ma/K-8-Critical-Areas-of-Focus-3-7-17.pdf.aspx#page=50
http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/Transitioning-to-the-2017-Learning-Standards-in-Ma/Ohio-s-K-8-Learning-Progressions.pdf.aspx#page=18
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.EE.7-8)
Instructional Strategies

Note: The model curriculum is not a collection of lessons nor a full curriculum; it does not suggest pace, Standards for Mathematical Practice
sequence, or amount of time spent on topics. It provides information about a topic related to the standards This cluster focuses on but is not limited to
including ideas for examples, strategies for teaching, common misconceptions, and possible connections the following practices:

between topics. In addition, the emphasis of the model curriculum is on instruction not on assessment; therefore,

the examples in the Instructional Strategies section are written for instructional purposes not necessarily as MP.2 Reason abstractly and quantitatively.

assessment items. Examples may need to be rewritten to accommodate the needs of each individual classroom. | MP.6 Attend to precision.

MP.7 Look for and make use of structure.
SOLVING EQUATIONS IN ONE VARIABLE MP.8 Look for and express regularity in
In Grade 7, students learned integer operations for the first time. They also applied the repeated reasoning.

properties of operations when solving two-step equations and inequalities. Now students
build on the fact that solutions maintain equality and that equations may have only one solution, many solutions, or no solutions at all.
Equations with infinitely many solutions may be as simple as5=5,3x=3x, 3x+5=x+ 2+ x + X + 3, or 6x + 4x = X(6 + 4), where both sides of
the equation are equivalent.

Properties of Operations

Table 3 on page 97 of Ohio’s Learning Standards in Mathematics states the Properties of Operations and Table 4 states the Properties of
Equality. Teachers should be using the correct terminology to justify steps when performing operations and solving equations. Although, eighth
grade students should not be required to know the formal names of the properties, they should be encouraged to recognize them and use them
to justify their steps when solving equations. For example, students may say “change order” for commutative property or “rearranging groups”
for associative property, and that is acceptable at this level, but teachers should reiterate the correct vocabulary during discussions. Note: The
Addition Property of Equality and the Subtraction Property of Equality can be used interchangeable since subtracting a number is the same as
adding its opposite. The same is true for the Multiplication Property of Equality and the Division Property of Equality.

@ Students incorrectly think that the variable is always on the left side of the equation. Give students situations where the variable is on the
right side of the equation. Emphasize using the Symmetric Property of Equality if students wish to flip the variable to the other side of
the equal sign.

Solving One-Variable Linear Equations
Equation-solving in Grade 8 should involve multi-step problems that require the use of the distributive property, collecting like terms, rational
coefficients, and variables on both sides of the equation.

In Grade 7, students may have used a pan balance, number lines, or algebra tiles to solve two-step equations. Eighth grade
students could review these models and build upon them. For example, algebra tiles may help prevent student errors such as
incorrectly combining like terms on opposite sides of the equations.
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http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/MATH-Standards-2017.pdf.aspx
http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/MATH-Standards-2017.pdf.aspx
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.EE.7-8)

Students incorrectly think that only the letters x and y can be used for variables. Use various letters in the classroom and on assignments

to break this misconception. However, also try to avoid using variables that start with the same letter as the quantity such as b for

bananas or a for apples, as this causes other misconceptions. See Model Curriculum 6.EE.5-8 and 7.EE.3-4 for more misconceptions
related to variables.

EXAMPLE
Solve 3x + 2 = 5x — 6 using Algebra tiles

Step 1:

Step 2 Note: As the teacher initially models these steps he/she should use
the properties to justify the movement of the Algebra tiles. For example, the
teacher could say, “Using the Addition Property of Equality, we can add 6
positive ones to both sides of the equation. This will allow us to combine the

I I I I I -6 with the positive 6 on the right side on the equation to make 6 zeros using
the Additive Inverse Property.”

Step 3 Note: For example, the teacher could say, “By the Addition Property
of Equality, we can add 3 negative x-terms to both sides of the equation.
Then this will allow us to combine 3 positive x-terms with 3 negative x-terms
to make 3 zeros on both sides of the equation using the Additive Inverse
Property. However, we could also use the Subtraction Property of Equality
to subtract 3 x-terms from each side of the equation, since subtraction is the
same thing as adding the opposite.”
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.EE.7-8)

Step 4:

< AEEE

.

—EEEE | .

EXAMPLE
Solve for h.
3h+5_2
47 12 3
Method 1
3h 5 5 2 5
4 12 12 3 12
3 5
4712 12
3
12
G)ir=506)
3/4° " 12\3
h_1
3

before distributing.

Step 4 Note: For example, the teacher could say, “Using the Division
Property of Equality, we could divide each side of the equation by 2.

Although notice that dividing by 2 is the same thing as multiplying by /2, so
we could also use the Multiplicative Property of Equality to multiply each

side by /. Then the Multiplicative Inverse Property allows us to multiply 2x
by '/, to get 1x. Then we multiply 8 by % to get 4, so 4 = 1x. Because of the
Multiplicative Identity Property, we can just say that 4 = x. | know that some

of you prefer the x on the left side of the equation, so we can flip the
equation so that x = 4 by the Symmetric Property of Equality.”

Students especially have difficulty with equations involving fractions. Discuss alternative methods to solving equations with fractions such as
clearing the fractions by using the LCD. A similar strategy of multiplying each term by 100 can also help students clear decimals from an
equation. See Model Curriculum 6.EE.5-8 and 7.EE.3-4 for scaffolding ideas for teaching fractions using models.

Method 2

Clear the fractions by using the Multiplication Property
of Equality, and multiply each side by the common
denominator of 12.

12<3h+5)—2<12)
1 \4 12/ 7 3\1

9h +5
9h
h

!
Wl = w o

Make sure students have a clear understanding of the multiplication of equality. Many students incorrectly try to clear fractions

Oh - Department
10 of Education
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Real-World Contexts
Connect mathematical analysis with real-life events by using contextual situations when solving equations. Students should experience—

e analyzing and representing contextual situations with equations;

¢ identifying whether there is one solution, no solutions, or infinitely many solutions; and then

¢ solving the equations to prove conjectures about the solutions.
Through multiple opportunities to analyze and solve equations, students should be able to make use of structure (S.MP.7). One way to do this
is to estimate the number of solutions and possible values(s) of solutions prior to solving. Real-world tasks help ground the abstract symbolism
to life, e.g., computing the number of tiles needed to put a border around a rectangular space or solving proportional problems as in doubling
recipes.

Students may incorrectly think that you always need a “variable = a constant” as a solution. Draw attention to solutions that are
expressions.

EXAMPLE

A photo is three times as long as its width. Bethany wants to make a frame that is one inch longer in all directions. How long is the perimeter of
the frame?

e Write an equation to represent the situation. Do not forget to define the variables.
e Compare your equation to your classmates. Can there be more than one way to represent the situation? Explain.
e Solve your equation to find the perimeter of the frame. Will your classmates who had different equations get different solutions? Explain.

Discussion: Although students could solve this situation using pairs of linear equations, make sure students have the opportunity to solve these
types of situations using one-variable equations. Therefore, they need to define length in terms of width or vice versa.

Students should have practice solving equations that are proportions.
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EXAMPLE

Mark earned $33.20 for four hours of work. If he works for 7.5 hours, how much will he make? Write a proportion equation to model the situation
and solve.

X = money earned

33.20  x
4 75

7.5 3320  x
1T 4 75
249
=

$62.25 = x

X

Some students may benefit from using error analysis when solving equations. Strategies may include Pass the Pen, Find an
Expert, or Journal Writing.

SOLVING PAIRS OF LINEAR EQUATIONS GRAPHICALLY

This cluster builds on the informal understanding of slope, students gained from graphing unit rates and proportional relationships in grades 6
and 7. It also builds upon the stronger, more formal understanding of slope and the relationship between two variables from 8.EE.5-6 and
8.F.4-5. Most student experiences with pairs of simultaneous linear equations should be with graphical representations of solutions. Beginning
work should involve pairs of equations with solutions that are ordered pairs of integers, making it easier to locate the point of intersection.
Although students should also be able to approximate solutions that do not fall evenly onto the intersection of grid squares. In addition, students
should be able to solve simple cases by inspection. For example, x + y = 3 and x + y = 5 has no solution because x + y cannot equal both 3 and
5. Students should have practice working with graphs that have a variety of scales including fractions and decimals.

Real-World Contexts

Graphing pairs of linear equations should be introduced through contextual situations relevant to eighth graders, so students can create
meaning. They should explore many tasks for which they must write and graph pairs of equations with different slopes and y-intercepts. This
should lead to the generalization that finding one point of intersection is the single solution to the pair of linear equations. Finally, students
should relate the solution to the context of the problem, commenting on the reasonableness of their solution. Emphasize that the solution must
satisfy both equations.

Oh - Department
10 of Education
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https://georgewoodbury.wordpress.com/2010/04/13/pass-the-pen-math-activity-for-kinesthetic-learners/
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.EE.7-8)

@ Students often confuse the solution of one-variable equations, e.g., X = 5, with the solution of two-variable equations, which have an
ordered pair as the solution, e.g., (4,3).

EXAMPLE

Determine the number of movies downloaded in a month that would make the costs for two sites the same, when Site A charges $6 per month
and $1.25 for each movie and Site B charges $2 for each movie and no monthly fee.

Define your variables.

Write equations to represent the cost at each site.

Graph both equations on the same graph.

What does the point of intersection represent in the situation?

Give support for when and why you would download movies from Site A.

Give support for when and why you would download movies from Site B.

Students often graph lines inaccurately by not graphing enough points or the ruler slipping (human error). Emphasize precision
when graphing. Also emphasize reasonableness of answers and checking the solutions by substitution.

Tasks should be structured so that students also experience equations that are parallel lines and the same line when graphed. This will help
them begin to understand the relationship between different pairs of equations. For example, when the slope and the y-intercept of the two lines
is the same, the equations represent the same line (thus resulting in infinitely many solutions), or when the slope of the two lines is the same
but the y-intercept is different, the lines are parallel and do not have any common solutions (thus resulting in no solutions).

@ Students may mistake a system with infinite solutions for a system with no solutions. Infinite solutions occur when two equations have the
same graph. All points that lie on the line are solutions to the system. If the graphs of the equations are parallel, then the system has no
solutions because parallel lines will never intersect.

:li Students can use the table tool in a graphing utility to find common solutions to a pair of simultaneous linear equations. Draw attention to
the fact that the common solution of the two tables is also the intersection point of the graph.

Approximation of Solutions

Solving pairs of simultaneous linear equations in Grade 8 should include estimating solutions graphically. Provide opportunities for students to
see and compare simultaneous linear equations in forms other than slope-intercept form (y = mx + b). Students may solve pairs of
simultaneous linear equations by inspection, by graphing using slope-intercept form, or by graphing using tables of values.
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Students have the tendency to see the intersection point of a graphed system of equations and round it to the nearest grid line cross-section.
Emphasize to students, that they can sometimes find intersections in the middle of the grid squares that allow for approximations to be
more precise.

Inspection

Provide ample opportunities for students to connect the graph of a pair of linear equations to the solution to a pair of simultaneous linear
equations. Highlight the structure of expressions that results in the different types of equations, so students can find solutions by inspection
instead of having to graph every pair of simultaneous equations.

Students could also investigate pairs of simultaneous equations using graphing calculators or online graphing resources. They could be asked
to explain verbally and in writing what, in the equation and situation, makes lines shift to different locations on the graph. For example, students
should recognize that when two equations (written in slope-intercept form) have the same slope but different y-intercepts are the same line only
shifted vertically. Therefore, the lines are parallel and have no solution. They should be able to see this by inspection without having to graph
both equations. Similarly, in many instances students can perceive when two equations are equivalent. Once they realize that the equations are
equivalent, they can determine that there are infinitely many solutions bypassing the need for graphing the equation.

Instructional Tools/Resources
These tools and resources may be helpful for instruction. Before use, they should be evaluated at the local level to determine their
appropriateness for instruction.
Manipulatives/Technology
e SMART Board’s new tools for solving equations
Graphing calculators
Index cards with equations/graphs for matching and sorting
Geogebra is a graphing utility that allows one to explore the effects of changes in parameters of equations on their graphs.
Desmos is a graphing utility that allows one to explore the effects of changes in parameters of equations on their graphs. It also includes
some lesson.

Pan Balance Activities
e Pan Balance-Expressions is an applet by NCTM llluminations using a pan balance.
e Balancing to Solve Equations is a lesson from PBS Learning that uses a balance to solve equations.
e Balance Beam Equations by Passy's World of Mathematics has a lot of examples of using balance beams to solve equations.

Algebra Tiles Activities
e Solve Multi-Step Equations with Justification is a website from Henrico County Public Schools with materials on solving multi-step
equations. It has a lot of material that uses Algebra tiles.
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https://www.geogebra.org/
https://www.desmos.com/
http://illuminations.nctm.org/activity.aspx?id=3529
https://wosu.pbslearningmedia.org/resource/mgbh.math.ee.balance/balancing-scales-to-solve-equations/#.Wjwcyt-nGCh
http://passyworldofmathematics.com/balance-beam-equations/
http://teachers.henrico.k12.va.us/math/hcpsalgebra1/A-4d-1.html
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Algebra Tiles Activities, continued

Solving One-Variable Linear Equations

Pairs of Simultaneous Linear Equations

Virtual Algebra Tiles is an applet from Michigan Virtual University that allows students to use Algebra tiles. This applet allows for positive
and negative representation of the tiles.

CPM Tiles is an applet from the CPM Educational Program that allows students to use Algebra tiles. The benefit of this applet is that
students can change the dimensionality of x and y. However, it is limited by not allowing for a negative representation of the tiles.
Algebra Tiles is an applet from NCTM llluminations that has students solve equations using Algebra tiles.

Algebra Tiles and Equation Solving is a lesson from the Virginia Department of Education on solving equations using Algebra Tiles.
SMART Exchange has several notebook lessons with Algebra tiles.

Picture Perfect is a Desmos lesson where students use algebraic thinking to hang pictures on a wall.

Quick Points by John Orr is a 3-Act task where students use their knowledge of writing and solving equations to come up with equation
and graph solution.

How Much Can My DVR Record? is an activity by Yummy Math that has students analyze the storage capacity of HD and

non-HD programs.

Chocolate Milk and Mixture Problems is an activity by Yummy Math that has students analyze mixture equations using chocolate milk.
Performance Task Bank 8.EE.7 by Research and Evaluation has many performance tasks organized around 8.EE.7.

Pentomino Puzzle is a Desmos activity that has students work through pentomino sum puzzles to help them develop an
algebraic approach.

A Mixture of Problems by Laurie Riggs, et. al has a variety of problems including mixture problems to solve equations using different
conceptual methods.

Linear Systems Bundle by Desmos has many activities exploring linear systems.

Supply and Demand is an activity by NCTM llluminations that focuses on having students create and solve a system of linear equations
in a real-world setting. By solving the system, students will find the equilibrium point for supply and demand. Students should be familiar
with finding linear equations from two points or by using slope and y-intercept. This lesson was adapted from the October 1991 edition of
Mathematics Teacher. NCTM now requires a membership to view their lessons.

Piling Up Systems of Linear Equations is a 3-Act task by TaplntoTeenMinds where students have to write and solve systems of
equations using weights of different objects.

Counting Candy Sequel is a 3-Act task by TapIntoTeenMinds where students have to write and solve systems of equations using
different colored candy.

The Detention Buy Out is a 3-Act task by TaplntoTeenMinds where students use a system of equations to analyze the benefit of buying
themselves out of detention.
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http://media.mivu.org/mvu_pd/a4a/homework/applets_two_step.html
https://technology.cpm.org/general/tiles/
https://illuminations.nctm.org/activity.aspx?id=3482
http://www.doe.virginia.gov/testing/solsearch/sol/math/A/m_ess_a-4bd_2.pdf
http://exchange.smarttech.com/search.html?q=algebra%20tiles
https://teacher.desmos.com/activitybuilder/custom/57e04d6fc8c899190bdbb450
http://www.101qs.com/2657
https://www.yummymath.com/2015/how-much-can-my-dvr-record/
https://www.yummymath.com/2010/chocolate-milk-and-mixture-problems/
http://www.rda.aps.edu/RDA/Performance_Task_Bank/Display_Tasks.cfm?id=8.EE.7
https://teacher.desmos.com/activitybuilder/custom/57b4e4d1d10935cb09ad667b
https://studyres.com/doc/9261958/mixture-probles--a-medley-of-methods
https://teacher.desmos.com/linear-systems
http://illuminations.nctm.org/LessonDetail.aspx?ID=L382
http://www.nctm.org/publications/content.aspx?id=9414
https://tapintoteenminds.com/3act-math/piling-up-systems/#task
https://tapintoteenminds.com/3act-math/counting-candy-sequel/#task
https://tapintoteenminds.com/3act-math/the-detention-buy-out/#task
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Pairs of Simultaneous Linear Equations, continued

Curriculum and Lessons from Other Sources

General Resources

Coin Counting by Dan Meyer is a 3-Act task where students can use a system of equations to find the number of types of coins (higher
level).

How Long Until They Collide? is an activity by Yummy Math based on a Chevy car commercial where they discuss cars colliding.
Performance Task Bank 8.EE.8 by Research and Evaluation has many performance tasks organized around 8.EE.8.

The Intersection of Two Lines is a task by lllustrative Mathematics that introduces students to systems of equations.

How Many Solutions? is a task by lllustrative Mathematics that has students write examples of equations with one solution, two
solutions, no solutions, and infinitely many solutions.

The Intersection of Two Lines is a task by Illustrative Mathematics that has students write and graph a pair of simultaneous linear
equations.

The Sign of Solutions is a task by lllustrative Mathematics that has students solve equations by inspection.

EngageNY Grade 8, Module 4, Topic A, Lesson 1: Writing Equations Using Symbols, Lesson 3: Linear Equations in x, Lesson 4: Solving
a Linear Equation, Lesson 5: Writing and Solving Linear Equations, Lesson 6: Solutions of Linear Equations, and Lesson 7:
Classifications of Solutions are lessons about one-variable equations.

EngageNY Grade 8, Module 4, Topic D, Lesson 24: Introduction to Simultaneous Equations, Lesson 25: Geometric Interpretation of the
Solutions of a Liner System, Lesson 26: Characterization of Parallel Lines are lessons about graphing pairs of simultaneous linear
equations.

lllustrative Mathematics, Grade 8, Unit 4: Linear Equations and Linear Systems has many lessons that pertain to this cluster. Lessons 1-
9 are about one-variable linear equations. Lessons 10-12 have an emphasis on graphing systems of linear equations. You must create
an account to view lllustrative Mathematics lessons on OpenUp Resources.

Arizona 6-8 Progression on Expressions and Equations

This cluster is addressed on pages 12-13.

Coherence Map by Achieve the Core is an interactive website that shows the progression and interconnectedness of the Common Core
standards. To be noted, there are some differences between Ohio’s Learning Standards and the Common Core, so although the tool is
useful, it needs to be checked with respect to Ohio’s Learning Standards.

High School Coherence Map by UnboundED is a map of the relationships among high school mathematics standards. Please note: This
resource is aligned to the Common Core not Ohio’s Learning Standards. Although the tool is useful, it needs to be checked with respect
to Ohio’s Learning Standards.

Ohio

Grade 8

Department
of Education


http://www.101qs.com/3199
https://www.yummymath.com/2016/how-long-until-they-collide/
http://www.rda.aps.edu/RDA/Performance_Task_Bank/Display_Tasks.cfm?id=8.EE.8
https://www.illustrativemathematics.org/content-standards/8/EE/C/8/tasks/1364
https://www.illustrativemathematics.org/content-standards/8/EE/C/8/tasks/554
https://www.illustrativemathematics.org/content-standards/8/EE/C/8/tasks/1364
https://www.illustrativemathematics.org/content-standards/8/EE/C/7/tasks/550
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-lesson-1
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-lesson-3
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-lesson-4
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-lesson-4
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-lesson-5
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-lesson-6
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-lesson-7
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-lesson-7
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-d-lesson-24
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-d-lesson-25
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-d-lesson-25
https://www.engageny.org/resource/grade-8-mathematics-module-4-topic-d-lesson-26
https://im.openupresources.org/8/teachers/4.html
https://commoncoretools.files.wordpress.com/2011/04/ccss_progression_ee_2011_04_25.pdf
https://achievethecore.org/coherence-map/8/38
file:///C:/Users/10123376/Downloads/High_School_Coherence_Map_v1.0__1_%20(2).pdf#page=4

OHIO’S MODEL CURRICULUM WITH INSTRUCTIONAL SUPPORTS | Mathematics | 2018

INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.EE.7-8)

References

e Capraro, M., & Joffrion, H. (2006). Algebraic equations: can middle school students meaningfully translate from words to mathematical
symbols. Reading Psychology, 27, 147-164.

¢ Common Core Standards Writing Team. (2013, July 4). Progressions for the Common Core State Standards in Mathematics (draft). 6-8,
Expressions and Equations. Tucson, AZ: Institute for Mathematics and Education, University of Arizona.

e Hackenberg, A., & Lee, M. (March 2015). Relationships between students’ fractional knowledge and equation writing. Journal for
Research in Mathematics Education, 46(2),196-243.

o Hawes, K. (December 2006/January 2007). Using error analysis to teach equation solving. Mathematics Teaching in Middle School,
12(5), 238-242.

e Knuth, E., Stephens, A., McNeil, N., & Alibali, M. (2006). Does understanding the equal sign matter? evidence from solving equations.
Journal for Research in Mathematics Education, 37(4), 297-312.

¢ Lobato, J., & Ellis, A. (2002). The teacher’s role in supporting students connections between realistic situations and conventional symbol
systems. Mathematics Education Research Journal, 14(2), 99-120.

Grade 8
- Department
Ohlo of Education



OHIO’S MODEL CURRICULUM WITH INSTRUCTIONAL SUPPORTS | Mathematics | 2018

STANDARDS MODEL CURRICULUM (8.F.1-3)

FUNCTIONS Expectations for Learning

Define, evaluate, and compare In prior grades students have interpreted and analyzed proportions using graphs, tables, and
functions. equations. The focus for this cluster is linear equations, those in the form y = mx + b. Students will
8.F.1 Understand that a function is arule | relate their understanding of the constant of proportionality to slope/rate of change. Students

that assigns to each input exactly one should be able to distinguish between linear and non-linear functions in different representations

output. The graph of a function is the set | such as equations, graphs, and tables. These initial understandings provide the foundations for
of ordered pairs consisting of an input and | concepts that will be developed in high school math such as domain, range, function notation, as
the corresponding output. Function well as non-linear functions such as quadratic and exponential functions.

notation is not required in Grade 8.
8.F.2 Compare properties of two functions | ESSENTIAL UNDERSTANDINGS

each represented in a different way e A function is a rule that assigns each input exactly one output.

(algebraically, graphically, numerically in e The S . o : .
T graph of a function is a set of ordered pairs consisting of an input and a corresponding
tables, or by verbal descriptions). For output.

example, given a linear function

represented by a table of values and a o Functio_ns can be repres_ented as an eql_Jation, graph, table, and verbal _descriptio_n_. _

linear function represented by an  Properties of graphs of Imear fl_mctlong include slope/rate of chgnge, y-intercept/initial value,
algebraic expression, determine which x-mter‘cept_, where the slope_ is increasing, const_ant, or decre_asmg.

function has the greater rate of change. e A vertical I|ne‘has an uns:iefmed slope, w_here yis not‘a function of x.

8.F.3 Interpret the equation y = mx + b as  Agraph of alinear function is a non-vertical straight line.

defining a linear function, whose graph is ¢ Anon-linear function is a function whose graph is not a straight line.

a straight line; give examples of functions e Atable represents a linear function when constant differences between input values

that are not linear. For example, the produce constant difference between output values.
function A = s2 giving the area of a square Linear functions have a constant rate of change.
as a function of its side length is not linear e Some functions are not continuous.
because its graph contains the points (1,
1), (2, 4) and (3, 9), which are not on a MATHEMATICAL THINKING
straight line. e Generalize concepts based on patterns.
e Recognize and use a pattern or structure.
e Use precise mathematical language.
e Represent a concept symbolically.
Continued on next page
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STANDARDS

MODEL CURRICULUM (8.F.1-3)

8.F.1-3, continued

Expectations for Learning, continued
INSTRUCTIONAL FOCUS

Content Elaborations

CONNECTIONS ACROSS STANDARDS

Determine if a table, graph, equation, or a verbal description represents a linear or nonlinear
function.

Identify a set of input and output values for a function.

Compare properties of two functions in different representations.

Identify functions that are linear and nonlinear.

Give examples of functions that are nonlinear.

Interpret the slope/rate of change and y-intercept/initial value of a linear function.

Complete tables to show a relationship that is a function.

Determine if it is reasonable to “connect the points” on a graph based on the context.

Ohio’s K-8 Critical Areas of Focus, Grade 8, Number 2, page 52
Ohio’s K-8 Learning Progressions, Functions, page 20

Graph proportional relationships (8.EE.5).

Derive the equation y = mx + b (8.EE.6).

Sketch a graph from a verbal description (8.F.5).

Use an equation of linear model to solve problems (8.SP.3).

Oh - Department
10 of Education

Grade 8


http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/Transitioning-to-the-2017-Learning-Standards-in-Ma/K-8-Critical-Areas-of-Focus-3-7-17.pdf.aspx#page=52
http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/Transitioning-to-the-2017-Learning-Standards-in-Ma/Ohio-s-K-8-Learning-Progressions.pdf.aspx#page=20
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Instructional Strategies

Note: The model curriculum is not a collection of lessons nor a full curriculum; it does not suggest pace, Standards for Mathematical Practice
seguence, or amount of time spent on topics. It provides information about a topic related to the standards ; ; o
including ideas for examples, strategies for teaching, common misconceptions, and possible connections This CIUSt.er focusgs O_n but is not limited to
between topics. In addition, the emphasis of the model curriculum is on instruction not on assessment; the following practices:

therefore, the examples in the Instructional Strategies section are written for instructional purposes not MP.1 Make sense of problems and

necessarily as assessment items. Examples may need to be rewritten to accommodate the needs of each persevere in solving them.

individual classroom. MP.2 Reason abstractly and quantitatively.
o _ MP.5 Use appropriate tools strategically.

In Grade 6, students plotted points in all four quadrants of the coordinate plane. They also MP.8 Look f%? ar?d express regula?ity iny

represented and analyzed quantitative relationships between dependent and independent repeated reasoning

variables. In Grade 7, students decided whether two quantities are in a proportional
relationship. In Grade 8, students begin to call relationships functions when each input is assigned to exactly one output. Also, in Grade 8,
students learn that proportional relationships are part of a broader group of linear functions, and they are able to identify whether a relationship
is linear— meaning its equation can be written in y = mx + b form. Nonlinear functions are included in this cluster for comparison purposes.
Later, in high school, students will use function notation and will be able to identify certain types of nonlinear functions.

This cluster connects to the following Grade 8 concepts:
o Expressions and Equations—Linear equations in two variables can be used to define linear functions, and students can use graphs of
functions to reason toward solutions to linear equations.
o Geometry—Similar triangles are used to show that the slope of a line is constant.
e Statistics and Probability—Bivariate data can often be modeled by a linear function.

DEFINING FUNCTIONS

To determine whether a relationship is a function, students should be expected to reason from a context, a graph, or a table, after first being
clear which set represents the input (e.g., independent variable) and which set is the output (e.g., dependent variable). When a relationship is
not a function, students should produce a counterexample: an “input value” with at least two “output values.” If the relationship is a function,
the students should explain how they verified that for each input there was exactly one output.

A function can be thought of as—
1. having two sets;
2. having a correspondence between the two sets;
3. meeting a special requirement where every input must be matched or assigned to one and only one output.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.F.1-3)

INDEPENDENT AND DEPENDENT VARIABLES
The dependent variable depends on the independent variable, so the independent variable can be used to predict the dependent variable. In
Grade 6 students explored independent and dependent variables, and how the dependent variable changes in relation to the independent
variable. In Grade 8 students need to continue identifying the independent
and dependent variables in functions. Students need practice justifying
the relationship between the independent and dependent variable. THE CORE IDEAS THAT DEEINE FUNCTIONS

Typically, the dependent variable is labeled y and graphed on the vertical

axis, and the independent variable is labeled x and graphed on the - =
horizontal axis. Function Definitions
e e
Some students confuse the meanings of x (independent HHables T:::k
variable) and y (dependent variable), particularly when ”“”‘“:"‘ okt
graphing the line of an equation. Have students identify diga':?arns N—
which one is which within a context. To help students G o
identify which variable is which, they can ask themselves— Vool ﬁa:ﬁ;%ﬁ?
o changes because of words and ony one
sety
. depends on

For each x,
only one
Vertical
Line Test

For each
In?ut,a orresponds ASetol
sin|

@ Some students may infer a cause and effect between independent
and dependent variables, but this is often not the case.

Usefulness of Functions O
Functions allow us to make predictions, see patterns, and understand
data. In order to make functions relevant to students, discuss functions
are useful where in real-life. Highlight the usefulness of finding a real-life
relationship between two sets. Discuss situations where having two
outputs for the same input would create issues. Emphasize the From Gregorio A. Ponce, Mathematics Teacher, 2007, “Critical Juncture Ahead”
gﬂ%ﬁ?:é%ﬁ;&?&?ﬁgﬁ? sets—the input and output and that the Note: This graphic at this grade level is for teachgzr use not
' student use. Also, note that even though the vertical line test is

shown in the graphic, using it is discouraged.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.F.1-3)

Example and Non-examples of Functions
Compare examples and non-examples of functions to illustrate to students the definition of a function. See High School Algebra 1/Math 1
F.IF.1-3 for similar activities.

In some situations, the independent and dependent variables are clearly defined by the situation, but in other cases defining the input and
output is purely preferential. However, the assignment of the variables to the input or output may affect whether or not the correspondence
between the two sets is a function. For example, when comparing a class of 25 students to their corresponding birthday month to determine
whether it is a function or not, the assignment matters. If the students are defined as the input set and the birthday month is defined as the
output set, the correspondence between two sets is a function because each student has exactly one birthday month. However, if the birthday
month is defined as the input set and the class of 25 students is defined as the output set, the correspondence between them is not a function
because a birthday month will be assigned to more than one student.

Input Qutput Input Output
In a function, the elements from the input set must be assigned or matched to one and exactly one :><1 A
element from the output set. In other words, there can be no inputs left unassigned. However, the e 2 | B '
reverse is not necessarily true; there can be outputs that exist without any assigned inputs. ' | Ls | c h
EXAMPLE V)L
Determine whether the following situations are functions or not:
a. the ages of students in an 8" grade class (defined as the input) and their heights (defined as the Function! Not a Function

output).

the names of students in an 8" grade class (defined as the input) and their eye color (defined as the output).

the names of students in and 8" grade class (defined as the input) and students’ addresses (defined as the output).
the name of students in an 8" grade class (defined as the input) and zip codes (defined as the output).

zip codes (defined as the input) and the names of the students in an 8" grade class (defined as the output).

®oo o

Discussion: Determining whether some of these situations are a function or not may depend on the inputs. For example, if a student in the
class has two different color eyes, then part b. would not be a function. Also, some students have two or more addresses depending on their
living situation. Use these opportunities to informally discuss how restricting the input (domain) affects functionality. See High School
Algebra 1/Math 1Model Curriculum F.IF.3 for more information about functions.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.F.1-3)

In some situations, the elements used as inputs affect whether a correspondence between sets is a function or not. For example when
comparing students (input) with their hair color (output) to determine if the correspondence represents a function depends on the input. If no
one in the class has multi-colored hair, then the relationship represents a function. However, if even one person has highlighted or multi-
colored hair, the situation does not represent a function. A discussion should take place about how restricting the input impacts determining
whether a relationship is a function or not. For example, when comparing students (input) with the color clothing they are wearing (output) to
determine functionality depends on the input. Since people who are wearing multi-colored clothing would be assigned to more than one color,
the situation would not be representative of a function; however, if the input is restricted to only those students who are wearing monochromatic
outfits, than a function would occur between the two sets.

EXAMPLE

Discuss whether each scenario is a function or not. Explain your reasoning.
e The time it takes to walk home from school

The color of each person’s shirt in the class

The eye color of each person in the class

The temperature converted from Fahrenheit to Celsius

The surface area of a balloon as you blow air into it

The month each person in the class is born

A list of the names of the students who earned A’s in the class and earned C’s in the class

The length of perimeter and area

The hair color of each person in the class

Students’ heights in the class

The password for a bank account

It may be helpful to use a Function Wall Activity where categories such as clothing color(outputs) are affixed to the wall and
students (inputs) who are wearing one of the assigned colors have to actually go and stand under the corresponding sign on

the wall. Students who are wearing more than one color will quickly realize that they cannot go to two categories simultaneously
and that if they do not have one and exactly one place to go, then the situation is not a function. See High School model curriculum
F.IF.3 for more information.

@ Students often incorrectly think that only one-to-one correspondences are functions. For example, they may not acknowledge y =5 as
being a function. Provide them with situations that counter this misconception.

Some students incorrectly think that every function must have a mathematical formula. Other students may incorrectly think that every
@ formula is a function; however, x = 4 or y = ++/x are not functions.

Grade 8
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.F.1-3)

Avoid the Vertical Line Test
The “vertical line test” should be avoided because—
1. itis too easy to apply without thinking;
2. students do not need an efficient strategy at this point; and
3. it creates misconceptions for later mathematics, when it is useful to think of functions more broadly, such as whether x might be a
function of y or in the context of polar coordinates.
Instead teachers should stress the definition of a function: for every input value there is one and only one output value. For more information on
the uses of the vertical line test and its misapplication, see High School Algebra 1/Math 1 Model Curriculum F.IF.1-3.

Function Machine
“Function machine” pictures or models are useful for helping students imagine input and output values. A function machine contains a “hidden
rule” inside the machine by which the output value is determined from the input.

Explore functions through concrete examples such as patterns or contextual problems using quantities. This should help students develop a
deeper understanding of the concept of functions. In addition, these connections will help make the symbolic notation more meaningful. Making
comparisons between different problem types is also helpful in making connections.

Functions as Quantities
One study found that reasoning quantitatively about functions allowed students to better understand functions as they searched for more than
just patterns (Ellis, 2009). Reasoning quantitatively allowed students to extend their thinking past prototypical examples and nonuniform tables
to make sense of the problem. Working with quantitative relationships allowed students to extend and justify their generalizations. Therefore, it
may be wise to draw students’ attention back to the quantities in the original problem.
EXAMPLE — PIICH CIRCLES #\ﬁj/\;g/
The Connected Gears Problem X ‘ '
You have two gears on your table. Gear A has 10 teeth, and Gear B has 12 teeth.
a. If you turn gear A a certain number of times, does gear B turn more revolutions, fewer
revolutions, or the same number? How can you tell?
b. Devise a way to keep track of how many revolutions Gear A and Gear B makes. How can you
keep track of both gears at the same time?

Adapted from Ellis, 2009 CENTRE DISTANQE I
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.F.1-3)

Functions as Patterns

In the elementary grades, students explored number and shape patterns (sequences), and they use rules for finding the next term in the
sequence. At this point, students describe sequences both by rules relating one term to the next and also by rules for finding the n" term
directly. (In high school these are called recursive and explicit formulas.) Students express rules in both words and in symbols. Instruction
should focus on additive and multiplicative sequences as well as sequences of square and cubic numbers.

EXAMPLE

Drawing | # of Tiles

OO IWIN|F

Draw the next three images in the pattern.

Fill out the table.

Without drawing, how many tiles would be in the 10" image? How do you know?
Write a rule to describe the pattern.

Would you rule change if your first image was just one square? Explain.

PoooTy

CONTINUOUS AND DISCRETE FUNCTIONS

When plotting points and drawing graphs, students should develop the habit of determining, based upon the context, whether it is reasonable
to “connect the dots” on the graph. In some contexts, the inputs are discrete, and connecting the dots is incorrect. For example, if a function is
used to model the height of a stack of n paper cups, it does not make sense to have 2.3 cups. Thus there will be no ordered pairs between

n =2 and n = 3. Note: Students are not required to use the terminology continuous and discrete. Emphasize these concepts throughout

the year.

COMPARING FUNCTIONS

Representing the Same Functions Using Different Representations

Notice that the standards explicitly call for exploring functions numerically, graphically, verbally, and algebraically. For fluency and flexibility in
thinking, students need experiences translating among these different representations.

Grade 8
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.F.1-3)

Representing Different Functions Using Different Representations
Students need experience translating among the different representations using different functions. For example, they should be able to

determine which function has a greater slope by comparing a table and a graph.

Representing Different Functions Using the Same Representation
Students need to compare functions using the same representation. For example, within a real-world context, students compare two graphs of
linear functions and relate the graphs back to its meaning within the context and its quantities. Students should work with graphs that have a

variety of scales including rational numbers.

GE Provide multiple opportunities to examine the graphs of linear functions and use graphing calculators or computer software to analyze
and compare at least two functions at the same time. lllustrate with a slope triangle where the x-value is "1" that the slope is the "rate of
change." Students can use this technique to compare two different situations and identify which is increasing/decreasing at a faster rate.

IDENTIFYING LINEAR AND NON-LINEAR FUNCTIONS

In Grade 8, the focus is on linear functions, and students begin to recognize a linear function from its form y = mx + b knowing that y = mx as a
special case of a linear function. Students also need experiences with nonlinear functions. This includes functions given by graphs, tables, or
verbal descriptions but for which there is no formula for the rule. An example could be using a child’'s height as a function of his or her age
because his or her growth tapers off and the rate of change is not constant.

@ Some students may incorrectly think that function can only be linear. Without exposure to non-linear functions, they believe all functions
are linear; they do not realize that functions can have curves or bends. Give them examples to break this misconception.

EXAMPLE

Create two different graphs of functions that pass through points A and B.

Discussion: Use this exploration to highlight that functions are not necessarily linear. In the first A A
graph most students will create a line, but the second graph should push them to create a B 8

function other than line. For example, students may use a V-shaped graph or a squiggly line to
connect the dots. When drawing their representations, emphasize that the input values
cannot repeat.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.F.1-3)
Compare linear to non-linear functions such as quadratic and exponential functions. Students can compute perimeter and area of different-size
squares and identify that the first relationship is linear while the other is not by either looking at a table of values or a graph in which the side
length is the independent variable (input) and the area or perimeter is the dependent variable (output). This can be tied in with 8.EE.2.

Students should also realize that an increase (or decrease) by a constant amount is a characteristic of all linear functions.

EXAMPLE

Give students a variety of linear and non-linear equations.
y = 2X y = 2X y = Xx? y = (X — 4)?
y=3x-1 y=x3 2x + 4y = -5 y=—%x+7

a. Using technology, graph the equations and determine which are linear functions.

b. Make a table of values for each of the functions (or view them using technology). Analyze any patterns of the inputs and outputs of the
linear functions compared to the nonlinear functions.

c. What do all the linear functions have in common?

@ Many students incorrectly think that x = 4 is a linear function because it makes a line. Bring them back to the definition of a function to
confront this misconception.

@ Some students will mistakenly think that a straight line must be a horizontal or vertical line only. Show students a variety of functions to
break these misconceptions.

@ Some students think all linear functions are proportional relationships. Compare proportional linear functions to nonproportional linear
functions. Emphasize that the graph of a proportional relationship must pass through the origin.

Instructional Tools/Resources

These tools and resources may be helpful for instruction. Before use, they should be evaluated at the local level to determine their
appropriateness for instruction.
Manipulatives/Technology

e Graphing calculators

e Graphing software (including dynamic geometry software)

e Desmos is a graphing tool that allows one to explore the effects of changes in parameters of equations on their graphs. It also includes
some lessons.
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Patterns

o Visual Patterns is a website that shows pictures of linear, exponential, and quadratic patterns.

Growing Linear Patterns by Mata is a slide player that has students discover linear patterns.

e Patterns Posters for Algebra 1 from Finding Ways by Fawn Nguyen is a blog about a class activity where students are given patterns,
and they have to make posters from them. She is also the creator of the visual patterns link above.

Function Machines
e Function Machine is an applet by Math Playground of a function machine.
e Function Machine is an applet by Shodor of a function machine.
e Function Rules is a task by lllustrative Mathematics where students use a function machine to create a rule.

Functions
e The Customers is a task by lllustrative Mathematics where the concept of a function is introduced without an explicit algebraic
representation. You must create an account to view lllustrative Mathematics lessons on OpenUp Resources.
Foxes and Rabbits is a task by lllustrative Mathematics where students have to determine whether something is a function or not.

e US Garbage, Version 1 is a task by lllustrative Mathematics where the concept of a function is introduced without an explicit
algebraic rule.

Graphing Functions

e How Did | Move? by NCTM Illuminations is a kinesthetic lesson to form a physical interpretation of the slope and y-intercept by running
across the football field.

o Getting a new iPhone—Which Plan Should | Get? is a task by Yummy Math that has students analyze cell phone plans by
graphing functions.

e Thank You, Mother and Father, for All Those Diapers is a task by Yummy Math that has students analyze the cost of diapers by writing
equations and graphing functions.

Different Representations of Functions

e Filling the Tank is a task from Grade 8, Georgia Standards of Excellence, Unit 5: Linear Functions that compares functions using
different representations. This task can be found on pages 61-72.

e Drinks at the Fair is a task by Yummy Math that has students analyze which mug is the best buy using tables and graphs.
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Independent and Dependent Variables
¢ Independent and Dependent Variables is a lesson by Virginia Department of Education involving independent and dependent variables.

e Functions: Independent and Dependent Variables by Andy Schwen is a Desmos lesson where students sort independent and
dependent variables and match them to the corresponding graphs.

Curriculum and Lessons from Other Sources

e lllustrative Mathematics, Grade 8, Unit 5: Functions and Volume, Lesson 1: Inputs and Outputs, Lesson 2: Introduction to Functions,
Lesson 3: Equations for Functions, Lesson 4: Tables, Equations, and Graphs of Functions, Lesson 7: Connecting Representations of
Functions, Lesson 8: Linear Functions, Lesson 9: Linear Models, are lessons that pertain to this cluster. You must create an account to
view lllustrative Mathematics lessons on OpenUp Resources.

o EngageNY, Module 4, Topic A, Lesson 2: Linear and Nonlinear Expressions is a lesson about identifying linear and nonlinear functions.

e EngageNY, Grade 8, Module 5, Topic A, Lesson 1: The Concept of a Function, Lesson 2, Formal Definition of a Function, Lesson 3:
Linear Functions and Proportionality, Lesson 4: More Examples of Functions, Lesson 5: Graphs of Functions and Equations, Lesson 6:
Graphs of Linear Functions and Rate of Change, Lesson 7: Comparing Linear Functions and Graphs, Lesson 8: Graphs of Simple
Nonlinear Functions is a series of lessons for this cluster.

e Unit 4: Functions is a unit from Grade 8 Georgia Standards of Excellence. The entire unit focuses on standards 8.F.1 and 8.F.2.

General Resources

e Arizona 8-High School Progression on Functions
This cluster is addressed on pages 2-5.

e Coherence Map by Achieve the Core is an interactive website that shows the progression and interconnectedness of the Common Core
standards. To be noted, there are some differences between Ohio’s Learning Standards and the Common Core, so although the tool is
useful, it needs to be checked with respect to Ohio’s Learning Standards.

e High School Coherence Map by UnboundED is a map of the relationships among high school mathematics standards. Please note:
This resource is aligned to the Common Core not Ohio’s Learning Standards. Although the tool is useful, it needs to be checked with
respect to Ohio’s Learning Standards.
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FUNCTIONS Expectations for Learning

Use functions to model relationships | Students have experienced interpreting and translating linear functions in different representations.
between quantities. The focus for this cluster is modeling, constructing, and analyzing linear relationships and

8.F.4 Construct a function to model a qualitative graphs. Students should be able to describe properties of linear relationships. These
linear relationship between two quantities. | initial understandings provide the foundations for key features that are developed in high school
Determine the rate of change and initial math such as domain, range, function notation, and other types of functions.

value of the function from a description of
a relationship or from two (x, y) values, ESSENTIAL UNDERSTANDINGS
including reading these from a table or Rate of Change

from a graph. Interpret the rate of change
and initial value of a linear function in
terms of the situation it models, and in
terms of its graph or a table of values.
8.F.5 Describe qualitatively the functional
relationship between two quantities by

e The rate of change of a function is the slope of its graph.

o The slope is a ratio of the change in y-values compared to the change in x-values between
two points.

e A vertical line has an undefined slope, where y is not a function of x.

e The graph of a horizontal line has a slope of zero, i.e., m = 0, which is a constant rate of

analyzing a graph, e.g., where the change. o o _ . L

function is increasing or decreasing, e The graph of a line is increasing if it rises from left to right. The slope is positive, i.e., m > 0.
linear or nonlinear. Sketch a graph that e The graph of a line is decreasing if it falls from left to right. The slope is negative, i.e., m < 0.
exhibits the qualitative features of a e The absolute value of slope (m) is related to the steepness of a graph of a line.

function that has been described verbally. o . .
Describing and Graphing Functions

e Properties of graphs of linear functions include the following: slope/rate of change; y-
intercept/initial value, where the slope is increasing, constant, and decreasing.
Quialitative graphs represent essential elements of a situation in graph form.

¢ Qualitative graphs do not necessarily need to have numerical values.

Linear functions can show proportional relationships y = mx or non-proportional
relationships y = mx + b where b # 0.
¢ The scale of an axis must have equal intervals.
¢ The x-axis and y-axis do not have to have the same scale.
Continued on next page
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8.F.4-5, continued Expectations for Learning, continued

MATHEMATICAL THINKING

Generalize concepts based on patterns.
Recognize and use a pattern or structure
Use precise mathematical language.
Represent a concept symbolically.
Explain mathematical reasoning.

INSTRUCTIONAL FOCUS
Describing and Graphing Functions
e Construct functions in different representations such as equations, graphs, tables, and
verbal descriptions.
¢ Identify and analyze whether a function is linear or non-linear.
Sketch a qualitative graph of a function from a verbal description, e.g., increasing, constant,
decreasing, linear, not linear.
e Analyze a qualitative graph with and without numerical context.
e Given a real-world situation, sketch a graph to model the relationship that may include
vertical and horizontal lines.
e Given a graph of a situation, write a description of the situation that may include vertical and
horizontal lines.
o Describe the relationship between the inputs and outputs of a function in a qualitative way.
e Choose an appropriate scale for each axis; scales should not be limited to 1.
e Investigate and recognize that a line that increases from left to right has a positive slope
and a line that decreases from left to right has a negative slope.
e Investigate and recognize that as the absolute value of the slope increases the line of the
graph gets steeper.
e Investigate and recognize that the absolute value of a slope greater than one is a steeper
line and less than one is a flatter line.
o Recognize that in a table the y-intercept is the y-value when x is equal to 0.
¢ Recognize that in a table the x-intercept is the x-value when y is equal to 0.
e Explain why the slope of a horizontal line is zero and a vertical line is undefined.
Continued on next page

Grade 8
- Department
Ohlo of Education



OHIO’S MODEL CURRICULUM WITH INSTRUCTIONAL SUPPORTS | Mathematics | 2018

STANDARDS MODEL CURRICULUM (8.F.4-5)

8.F.4-5, continued Expectations for Learning, continued

INSTRUCTIONAL FOCUS, CONTINUED
Rate of Change
e Determine and interpret the rate of change and initial value of a linear function in context
(equation, verbal description, and/or table).
o Determine and interpret, and when appropriate approximate, the rate of change and initial
value from a graph.
¢ Find the slope of a line given two ordered pairs, a table, or a graph.

Content Elaborations

e Ohio’s K-8 Critical Areas of Focus, Grade 8, Number 2, page 52
e Ohio’'s K-8 Learning Progressions, Functions, page 20

CONNECTIONS ACROSS STANDARDS
e Graph proportional relationships (8.EE.5).
Derive the equation y = mx + b (8.EE.6).
Interpret the equations of y = mx + b (8.F.3).
Use the equation of a linear model to solve problems (8.SP.3).
Describe the effect of dilations on two-dimensional figures using coordinates (8.G.3).
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Instructional Strategies

Note: The model curriculum is not a collection of lessons nor a full curriculum; it does not suggest pace,

Standards for Mathematical Practice

sequence, or amount of time spent on topics. It provides information about a topic related to the standards This CIUSt_er fOCUS_eS on but is not limited to
including ideas for examples, strategies for teaching, common misconceptions, and possible connections the following practices:

between topics. In addition, the emphasis of the model curriculum is on instruction not on assessment; therefore, MP.1 Make sense of problems and

the examples in the Instructional Strategies section are written for instructional purposes not necessarily as persevere in solving them.

assessment items. Examples may need to be rewritten to accommodate the needs of each individual classroom. N
P y MP.2 Reason abstractly and quantitatively.

MP.5 Use appropriate tools strategically.
MP.8 Look for and express regularity in
repeated reasoning.

In Grade 8, students focus on linear equations and functions. Nonlinear functions are used
for comparison.

Emphasize key vocabulary. Students should be able to explain what key words mean, e.g.,
model, interpret, initial value, functional relationship, qualitative, quantitative, linear, non-linear, increasing, decreasing, constant, slope,
independent variable, dependent variable etc.

Use a “word wall” to help reinforce vocabulary.

It is important to note that a graph is a representation of a function and not the function itself. A linear function does not have a slope, but the
graph of the function does.

GRAPHING AND WRITING FUNCTIONS

Students should have many opportunities to write linear functions in the form of y = mx + b from a variety of contexts. However, they should
also be given equations in different forms and be expected to convert them into slope-intercept form. Note: Point-slope form is not required.
Students should be able to determine the rate of change and y-intercept from tables, graphs, and verbal descriptions in order to write the
equation. Also, they should be able to explain the initial value in context of the problem.

Give students opportunities to gather their own data or graphs in contexts they understand. Students need to measure, collect data, graph data,
and look for patterns, then generalize and symbolically represent the patterns. They also need opportunities to draw graphs (with qualitative
features based upon experience) representing real-life situations with which they are familiar. Probe student thinking by asking them to
determine which input values make sense in the problem situations.
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Use graphing calculators or websites such as Desmos to explore linear and non-linear functions. Provide context as much as possible
L.l_.-li to build understanding of slope and y-intercept in a graph, especially for those patterns that do not start with an initial value of 0. It may
also be worthwhile to use technology to explore various families of functions.

Students often confuse a recursive rule with an explicit formula for a function. For example, after identifying, in a linear function, that
for every increase of 1 in the input there is an increase of 2 in the output, some students will represent the equation asy = x + 2
instead of realizing that this means y = 2x + b. When tables are constructed with increasing consecutive integers for input
values, then the distinction between the recursive and explicit formulas is about whether you are reasoning vertically or
horizontally in the table. Both types of reasoning—and both types of formulas—are important for developing proficiency with
functions. Note: Students do not need to understand the terms recursive and explicit formulas.

Some students may not pay attention to the scale on a graph, assuming that the scale units are always “one.” Also, when
making axes for a graph, some students may not use equal intervals to create the scale. Provide experiences for students to
create and graph data using different scales. In addition, they also need to experience when the scales are different on the two
axes, e.g., by 5s on the x-axis and perhaps by 100s on the y-axis.

Some students do not understand that, on a graph, the x-axis usually represents the independent variable and the y-axis represents the
dependent variable; therefore their graphs are reversed. Although this is still mathematically correct, emphasize that this is a convention
that makes it easier to communicate.

Writing Comparison Functions

Many students have difficulties with comparison problems. They need to be exposed to these types of problems and have time and
collaboration with others to make sense of them.

EXAMPLE
o There are five times as many dogs as cats at the pound. Write an equation to model the situation.
o For every 2 people who bought Apple iPhones, 8 people have bought Android phones. Write an equation to model the situation.

Discussion: This situation is commonly incorrectly written as 5d = ¢, which means that there are five times as many cats as there are dogs
instead of d = 5c. Common mistakes that students make are as follows:

e They incorrectly match the order of the words in the situation to the equation.

They think that the larger number is placed next to the variable defining the larger group.
They treat variables as labels.

They treat variables as a fixed unknown rather than as a variable quantity.

They do not treat the equal sign as representing equivalence but more like an association.
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Students who are able to correctly write the equation understand the equation as a function. They view the equation as an operation on a
variable quantity to produce another equal quantity. To help students reason through such problems have them draw pictures or ask them
guiding questions such as “Are there more dogs or cats?” “Does your equation match the situation?” or “What do you have to do to the equation
to make both sides equal?”

@ Students often misinterpret variables as labels. They confuse the notation of 3m (three times m) with 3m (3 meters).

Understanding Fractions and Writing Two-Variable Equations
Thinking about fractions as multipliers on quantities can be difficult for students. For example, many students have a difficult time explaining the

meaning of %x. (See Model Curriculum 6.EE). Many students also have difficulty with reciprocal reasoning such that if y = %x, then x = gy. Those

who lack reciprocal reasoning often lack reversibility in equation writing. Use fraction bars, graphs, and tables to help students understand that
the equations are equal. See Model Curriculum 6.EE.9 for more information on reciprocal reasoning.

EXAMPLE
Stephen has a cord for his iPod that is some number of feet long. His cord is five times the length of Rebecca’s cord. Draw a picture to
represent this situation. Write several equivalent equations, if possible, to represent this situation (e.g., equations both in the form of y = and

x =). Do not forget to define your variables.
Taken from Hackenberg and Lee, 2015

EXAMPLE
Theo has a stack of DVD’s some number of cm tall. Sam’s stack is /s of that height. Draw a picture to represent the situation. Write an
expression to define the height of Sam’s stack. Write several equivalent equations, if possible, to represent the situation (e.g., equations both in

the form of y = and x =). Do not forget to define the variables.
Taken from Hackenberg and Lee, 2015

Graphing Stories

Introduce functions by graphing stories. Have students act out their own stories such as walking forward and backward and stopping slowly and
quickly. Before they start, have them make a prediction about what their graph would look like on a distance/time graph. Once they collect their
data, have them graph their story and discuss the meaning of a graph. Compare their graphs to their original predictions. For example, students
often have difficulty realizing that a horizontal line on a distance/time graph means that an object has stopped. They may also have a difficult
time realizing that walking backwards has a negative slope; they may initially think incorrectly that the line goes backwards. See Instructional
Tools/Resources for resources on graphing stories.

I:-Ii Use a science probe to help students graph stories.
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EXAMPLE

Represent the following situation by a graph:

Monica has a business contract with Paperclips, her local office supply store. If she buys less than 20 packages of red pens, she pays $2.79
per package. If she buys between 20 and 40 packages of red pens, they cost $2.59 per package. If she buys more than 40 packages, they cost
$1.99 per package.

EXAMPLE
Michael wants to take a Taxi from John Glenn International Airport to Franklin Park Conservatory and Botanical Gardens which is about 5%
miles away.

e The initial charge (which includes loading and the first% of a mile) is $3.00.

e Each 60 seconds of wait time is $0.45.
e Each additional % of a mile is $0.45.

e The surcharge for each trip originating at the airport is $3.00.
e Sales Taxis 7.5%

a. Draw a distance time graph of the situation. Include possible stops along the way (such as street lights or other unexpected stops). To
extend this task, feel free to use a map and even change to route slightly if you wish. This is a good opportunity to use technology such
as google maps.

b. Write a story describing your graph.

c. Based on your graph, calculate the cost of Michael’s taxi ride.

Discussion: This is an example of a rich task. They could take one day or several days depending on how deep the students want to go with it.
They could just simply use a standardized 5.4 mile route where the stops are given or they could “make up” random stops and compare their
graph and cost to the other members of their group, or they could use Google maps and map their own route even taking into account real stop
lights and stop signs.

@ Students often incorrectly think that a function only has one type of line, but a function can be piecewise—meaning it can have two or
more functions combined. Eighth graders should be exposed to some examples of graphs that are piecewise functions such as a person
walking and then stopping and then walking again. Note: The word piecewise is not required.

Slope-Intercept Form
Students will need many opportunities and examples to figure out the meaning of y = mx + b. What does m mean? What does b mean? They
should be able to “see” m and b in graphs, tables, and formulas or equations, and they need to be able to interpret those values in contexts.

Grade 8

Oh - Department
10 of Education



OHIO’S MODEL CURRICULUM WITH INSTRUCTIONAL SUPPORTS | Mathematics | 2018

INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.F.4-5)

EXAMPLE
Use a function to model the height of a stack of n paper cups.

Discussion: The rate of change, m, which is the slope of the graph, is the height of the “lip” of the cup: the amount each cup sticks above the
lower cup in the stack. The “initial value” in this case is not valid in the context because 0 cups would not have a height, and yet a height of O
would not fit the equation. Nonetheless, the value of b can be interpreted in the context as the height of the “base” of the cup: the height of the
whole cup minus its lip.

Provide students with a function in symbolic form y = mx + b and ask them to create a problem situation in words to match the function. Given a
graph, have students create a scenario that would fit the graph. Ask students to sort a set of "cards" to match a graphs, tables, equations, and
problem situations. Have students explain their reasoning to each other. Note: Students are not required to use function notation.

EXAMPLE
Create a story for the following graph.

@ In the equation y = mx + b many students assume “b” must be a whole number. Use examples where b is a rational number. Also, in
some cases, the initial value is not necessarily the y-intercept, so make sure to give students situations where the initial value is not
the y-intercept.
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EXAMPLE

Monica has 3 cups of lemonade mix which serves 6 people. How many cups of lemonade mix does she need to serve 30 people? Use a graph
to find the solution.

Discussion: Draw attention to the fact that the initial value is not the y-intercept.

@ Students also think that in order to graph an equation, it must be presented in the slope-intercept form: y = mx + b. Give students example
of equations in other forms to prevent this misconception. In Grade 8, they can graph other forms of equations by creating a table first.

EXAMPLE

A babysitter charges $5 for driving to the house and then an additional $7 an hour.

Write an equation to represent the situation in slope-intercept form.

Graph the function.

Where on the graph does it show how much she gets paid if she works 0 hours? How much does she get paid?
Where on the graph does it show how much she gets paid if she works 1 hour? How much does she get paid?
Where on the graph does it show how much she gets paid if she works 5 hours? How much does she get paid?
How much does she owe if she works —2 hours based on the graph?

Does it make sense to work —2 hours? Explain.

How should you adjust your graph (if necessary) to represent the actual situation?

Se@roaoo

Students see the formula y = mx + b as a storage place for m and b (a template for seeing the starting point and how much the next point
goes up and over) instead of seeing the relationship between the x and y variables. They think x means “every time” or as a label for the
slope value. To prevent this misconception, use real-world situations and focus on the dependency of x and y and the covariant relationship.
Here are some examples of relational questions instead of calculation questions:
¢ What do the x and y represent in this situation?
¢ What does the slope value of 3 mean in this situation?
¢ What quantity is represented by 3x?

Describing Functions
Using a variety of representations of functions, students should be able to classify and describe the function as linear or non-linear, increasing

or decreasing. Provide opportunities for students to share their ideas with other students, explain their thinking, and create their own examples
for their classmates.
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L

EXAMPLE
Lamar and his sister continue to ride the Ferris wheel. The graph represents Lamar 2 A — A

and his sister’s distance above the ground with respect to time during the next 40
seconds of their ride.

Name one interval where the function is increasing.

Name one interval where the function is decreasing.

L]
¢ s this function linear or non-linear? Explain.
e What could be happening between the interval of time from 60-64 seconds?

&

=

=

Disiares Above Grownd [Teek)

=

EXAMPLE
Create a story for the following graph:

Image from EngageNY Grade 8, Module 6,

RATE OF CHANGE
Explore the rate of change in a function by analyzing its graph. Explain where it is increasing, decreasing, or constant in a contextual situation.

Slope in a linear function is the rate of change between the dependent variable (y-value) and the independent variable (x-value). Use the slope
of the graph and similar triangle arguments to call attention to not just the change in x or y, but also to the rate of change, which is a ratio of the
two. Students should ask themselves “When x increases by one, what change is there in y?” They should also state directionality (left/right or
positive/negative) on the x-axis when describing Ax (change in x) instead of simply describing the direction as “over,” which is too vague.

Grade 8

@ Students often confuse % with the ordered pair notation (X, y).
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@ Students often confuse a horizontal line (slope of zero) with a vertical line (undefined slope) and think that a vertical line has no slope,
when the slope is undefined.

@ Students mistakenly believe that a slope of zero is the same as “no slope.”

When input values are not increasing consecutive integers (e.g., when the input values are decreasing; when some integers
are skipped; or when some input values are not integers), some students have more difficulty identifying the pattern and
calculating the slope. It is important that all students have experience with such tables, so as to be sure that they do not
overgeneralize from the easier examples.

Finding Slope
As a result of the movement of F.IF.6 from Algebra 1/Math 1 to Algebra 2/Math 3, students are expected to be knowledgeable in calculating
and interpreting the slope of linear functions by the end of Grade 8. They are also expected to use the slope formula or another preferred

strategy to find the slope between two points. However, before the slope formula is introduced students should spend a lot of time exploring
slope conceptually.

EXAMPLE

On Friday Elijah drove 63 miles using 3 gallons of gas. On Saturday he drove 164.3 miles and used 5.3 gallons of gas. Use the slope formula to
determine his average gas mileage for the two days.

Instructional Tools/Resources
These tools and resources may be helpful for instruction. Before use, they should be evaluated at the local level to determine their
appropriateness for instruction.
Manipulatives/Technology
e Graphing calculators
e Graphing software for computers, including dynamic geometry software
¢ Data-collecting technology, such as motion sensors, thermometers, CBL's, etc.
[ ]

Desmos is a graphing utility that allows one to explore the effects of changes in parameters of equations on their graphs. It also includes
some lessons.

Grade 8
- Department
Ohlo of Education


https://www.desmos.com/

OHIO’S MODEL CURRICULUM WITH INSTRUCTIONAL SUPPORTS | Mathematics | 2018

INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.F.4-5)

Graphing Stories

e Graphing Stories is an lllustrative Math task that investigates the graphs of relationships between quantities using video clips.

e Stories from Graphs a lesson from Cobb Learning where students match distance/time graphs to stories and then create stories to go
with other graphs.

e Graphing Stories is a collaboration between Dan Meyer and Buzz Math that has students graph stories based on a real-life video clip.
e Graphing Stories is activity by Desmos where students will graph stories using functions in the coordinate plane.
e Interpreting Distance-Time Graphs is a lesson by the Mathematics Assessment Project where students interpret graphs.
e Party by Inside Mathematics is a Performance Assessment Task that challenges students to demonstrate understanding of the concepts
of relations and functions.
Functions

e Chicken and Steak, Variation 1 and Chicken and Steak, Variation 2 are tasks by lllustrative Mathematics that present real-world
situations that can be modeled by linear functions.

e Riding by the Library is a task by lllustrative Mathematics that has students draw the graphs of two functions from verbal descriptions.

e Tides, Distance, and Bike Race are tasks by lllustrative Mathematics that has students interpret graphs.

e Vincent's Graph is a task by Inside Mathematics that challenges students to use understanding of functions to interpret and
draw graphs.

e Comparing Value for Money: Baseball Jerseys is a task by Mathematics Assessment Project where students compare functions to find
the best deal.

o Domino Effect is a task by Mathalicious relating equations and graphs to a real-world situation such as the price of a pizza.
High School Graduation is a task by lllustrative Mathematics that incorporates some aspects of modeling.

e Distance Across the Channel is a task by lllustrative Mathematics that models a real-world situation.

e Comparing lines and Linear Equations is a lesson by Mathematics Assessment Project intended to help teachers assess how well
students are able to interpret speed as the slope of a linear graph and translate between the equation of a line and its graphical
representation.

Steepness and Fall Hiking is a lesson by Yummy Math where students explore slope using percent grade.

e Steps and Slopes: Measuring the Rise and Run of Steps to Calculate Slope is a lesson by NCTM llluminations. NCTM now requires a
membership to view their lessons.

e Ramp It Up by Lynn Miller-Jones is a unit where students explore what is necessary to build a ramp that will satisfy the American
Disabilities Act for wheelchair accessibility.
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https://www.illustrativemathematics.org/content-standards/tasks/2083
https://www.illustrativemathematics.org/content-standards/tasks/2083
http://www.cobblearning.net/shannonmasters/files/2014/02/Day-121-Stories-From-Graphs-1xqm8pu.pdf
http://graphingstories.com/
http://graphingstories.com/
https://teacher.desmos.com/activitybuilder/custom/58797d35d81a612605304b1f
http://map.mathshell.org/lessons.php?unit=8225&collection=8&redir=1
http://www.insidemathematics.org/assets/common-core-math-tasks/party.pdf
https://www.illustrativemathematics.org/content-standards/8/F/B/4/tasks/477
https://www.illustrativemathematics.org/content-standards/8/F/B/4/tasks/584
https://www.illustrativemathematics.org/content-standards/8/F/B/5/tasks/674
https://www.illustrativemathematics.org/content-standards/8/F/B/5/tasks/628
https://www.illustrativemathematics.org/content-standards/8/F/B/5/tasks/632
https://www.illustrativemathematics.org/content-standards/8/F/B/5/tasks/633
http://www.insidemathematics.org/assets/common-core-math-tasks/vincent's%20graphs.pdf
http://map.mathshell.org/lessons.php?unit=8200&collection=8&redir=1
http://www.mathalicious.com/lessons/domino-effect
https://www.illustrativemathematics.org/content-standards/8/F/B/4/tasks/383
https://www.illustrativemathematics.org/content-standards/8/F/B/4/tasks/1206
http://map.mathshell.org/lessons.php?unit=8230&collection=8
https://www.yummymath.com/wp-content/uploads/steep-hikes.pdf
https://illuminations.nctm.org/Lesson.aspx?id=3797
http://www.radford.edu/rumath-smpdc/Units/src/Miller-Jones_CivilEng.pdf
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Slope-Intercept Form
e Slope-Intercept Form is a Youtube video that parodies of Thrift Shop that teaches how to graph lines using slope and y-intercept.
e Y =MX+Bis a Youtube video by Glen Hamlen that connects slope-intercept form to the tune of YMCA.
e Delivering the Mail, Assessment Variation is a task by lllustrative Mathematics and Student Achievement Partners that shows an
example of a multi-select problem.
Slope-Intercept Form, continued
e Compare Proportional and Nonproportional Relationships by Mobius Math is a worksheet involving slope. It is found on page 2 of
the pdf.

Curriculum and Lessons from Other Sources

o EngageNY, Grade 8, Module 6, Topic A, Lesson 1: Modeling Linear Relationships, Lesson 2: Interpreting Rate of Change and Initial
Value, Lesson 3: Representations of a Line, Lesson 4: Increasing and Decreasing Functions, Lesson 5: Increasing and Decreasing
Functions are various lessons that address this cluster.

e [|llustrative Mathematics, Grade 8, Unit 5: Functions and Volume, Lesson 5: More Graphs of Functions, Lesson 6: Even More Graphs of
Functions, Lesson 10: Piecewise Linear Functions, Lesson 11: Filling Containers are lessons addressing this cluster. You must create
an account to view lllustrative Mathematics lessons on OpenUp Resources.

e Exploring Linear Relations is a textbook from the Data-Driven Mathematics series published by the American Statistical Association that
connects statistics to functions.

General Resources

e Arizona Grade 8-High School Progression on Functions
This cluster is addressed on page 6.

e Coherence Map by Achieve the Core is an interactive website that shows the progression and interconnectedness of the Common Core
standards. To be noted, there are some differences between Ohio’s Learning Standards and the Common Core, so although the tool is
useful, it needs to be checked with respect to Ohio’s Learning Standards.

e High School Coherence Map by UnboundED is a map of the relationships among high school mathematics standards. Please note: This
resource is aligned to the Common Core not Ohio’s Learning Standards. Although the tool is useful, it needs to be checked with respect
to Ohio’s Learning Standards.

References
e Burton, L. (March 2017). Discovering linear equations in explicit tables. Mathematics Teaching in Middle School, 22(7), 398-405.
e Carlson, M., Jacobs, S., Coe, E., Larsen, S., & Hsu, E. (2002). Journal for Research in Mathematics Education, 33(5), 352-378.
¢ Chan, H. (May 2015). How do they grow? Mathematics Teaching in the Middle School, 20(9), 548-555.
[ )

Clement, J., & Lockhead, J. (April 1981). Translation difficulties in learning mathematics. American Mathematical Monthly, 88(4), 287-
290.

Grade 8

Oh - Department
10 of Education


https://www.youtube.com/watch?v=TTYKcHJyLN4
https://www.youtube.com/watch?v=_YCwGdiUnKE
https://www.illustrativemathematics.org/content-standards/8/F/B/4/tasks/1369
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STANDARDS

MODEL CURRICULUM (8.G.1-5)

GEOMETRY

Understand congruence and similarity
using physical models,
transparencies, or geometry software.
8.G.1 Verify experimentally the properties
of rotations, reflections, and translations
(include examples both with and without
coordinates).

a. Lines are taken to lines, and line
segments are taken to line segments
of the same length.

b. Angles are taken to angles of the
same measure.

c. Parallel lines are taken to
parallel lines.

8.G.2 Understand that a two-dimensional
figure is congruent® to another if the
second can be obtained from the first by a
sequence of rotations, reflections, and
translations; given two congruent figures,
describe a sequence that exhibits the
congruence between them. (Include
examples both with and without
coordinates.)

8.G.3 Describe the effect of dilations®,
translations, rotations, and reflections on
two-dimensional figures using
coordinates.

Continued on next page

Expectations for Learning

This is the first experience students have with transformations with and without coordinates.
Students need many opportunities to explore transformations (rotations, reflections, translations,
and dilations) of figures to verify their properties. They should discover that rotations, reflections,
and translations preserve angle measures and side lengths. In contrast, they should discover that
dilations only preserve angle measure whereas corresponding side lengths are proportional.

Students should have many opportunities to explore and discover angle relationships in this cluster
using transformations. In particular, students should explore interior and exterior angles of a
triangle and the angles formed by parallel lines cut by a transversal. Students justify their findings
through informal arguments involving transformations. Proofs of these informal arguments will be a
component of high school mathematics.

The student understanding of this cluster aligns with a van Hiele Level 2 (Informal
Deduction/Abstraction).

ESSENTIAL UNDERSTANDINGS
Angle Relationships
o Parallel lines cut by a transversal create relationships, either congruent or supplementary,
between pairs of angles.
e The sum of the measure of the interior angles of a triangle is 180 degrees.
e Any exterior angle of a triangle is congruent to the sum of the measures of the two remote
interior angles of the triangle.
¢ If two angles in one triangle are congruent to two angles in another, then the triangles are
similar.
Continued on next page
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STANDARDS

MODEL CURRICULUM (8.G.1-5)

8.G.4 Understand that a two-dimensional
figure is similar to another if the second
can be obtained from the first by a
sequence of rotations, reflections,
translations, and dilations; given two
similar two-dimensional figures, describe
a sequence that exhibits the similarity
between them. (Include examples both
with and without coordinates.)

8.G.5 Use informal arguments to
establish facts about the angle sum and
exterior angle of triangles, about the
angles created when parallel lines are cut
by a transversal, and the angle-angle
criterion for similarity of triangles. For
example, arrange three copies of the
same triangle so that the sum of the three
angles appears to form a line, and give an
argument in terms of transversals why
this is so.

Expectations for Learning, continued

ESSENTIAL UNDERSTANDINGS, CONTINUED
Transformations

Identify corresponding sides and angles of transformed figures.

Reflections, rotations, and translations preserve angle measures and side lengths.

Two figures are congruent if there is a sequence of reflections, rotations, and translations
that maps one figure precisely to the other.

Reflections and rotations change location and orientation.

Translations change only location.

Reflections require a line of reflection.

Rotations require a point of rotation, a degree of rotation, and a direction of rotation.
Translations require distance and direction.

Dilations preserve angle measures while corresponding side lengths are proportional.
Dilations require a center of dilation and a scale factor.

A sequence of transformations, including a dilation that transforms one figure to another,
results in figures that are similar.

MATHEMATICAL THINKING

Explain mathematical reasoning.

Use mathematical vocabulary.

Use informal reasoning.

Make and modify a model to represent mathematical thinking.

Continued on next page
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STANDARDS MODEL CURRICULUM

8.G.1-5, continued Expectations for Learning, continued

INSTRUCTIONAL FOCUS
Transformations

e Use transformation vocabulary and notation, e.g., image, pre-image, A, A’.

e Use a variety of resources including physical models, transparencies, or geometry software
to explore transformations to verify their properties using examples both with and without
coordinates.

o Discover that rotations, reflections, and translations preserve angle measures and
side lengths.

o Discover that dilations only preserve angle measure whereas corresponding side
lengths are proportional.

e Explore the relationships between the coordinates of figures before and after
transformations.

Describe the effect of transformations on two-dimensional figures using coordinates.

e Given two similar figures, describe a sequence of transformations that demonstrates the
similarity between them using examples both with and without coordinates.

¢ Investigate the sum of the interior angles of a triangle using physical models or geometry
software.

Angle Relationships
e Explore the angle relationship between an exterior angle and the two remote interior angles
of the triangle.
¢ Investigate relationships of pairs of angles created by parallel lines cut by a transversal
using transformations.

Content Elaborations
e Ohio’s K-8 Critical Areas of Focus, Grade 8, Number 3, pages 53-54
e Ohio’s K-8 Learning Progressions, 6-8 Geometry, page 21

CONNECTIONS ACROSS STANDARDS
e Use similar triangles to explain why the slope, m, is the slope between any two distinct point
on a non-vertical line (8.EE.6).
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Instructional Strategies

Note: The model curriculum is not a collection of lessons nor a full curriculum; it does not suggest pace, Standards for Mathematical Practice
seguence, or amount of time spent on topics. It provides information about a topic related to the standards . : .
including ideas for examples, strategies for teaching, common misconceptions, and possible connections This cluster focuses on but is not limited to

between topics. In addition, the emphasis of the model curriculum is on instruction not on assessment; therefore, the following practices:
the examples in the Instructional Strategies section are written for instructional purposes not necessarily as MP.1 Make sense of problems and
assessment items. Examples may need to be rewritten to accommodate the needs of each individual classroom. persevere in solving them.

, ) . MP.3 Construct viable arguments and
The goal of this cluster is to develop a conceptual understanding of congruence and critique the reasoning of others.
similarity; it interweaves the relationships of symmetry, transformations, and angle MP.4 Model with mathematics.

relationships to form these understandings. Transformations should include those done both MP.5 Use appropriate tools strategically.
with and without coordinates.

Students should be able to appropriately label figures, angles, lines, line segments, congruent parts, and images (primes or double primes).
Students are expected to use logical thinking, expressed in words using correct terminology. They should also be using informal arguments,
which are justifications based on known facts and logical reasoning. However, they are not expected to use theorems, axioms, postulates
or a formal format of proof such as two-column proofs.

Students should solve mathematical and real-life problems based on understandings related to this cluster. Investigation, discussion,
justification of their thinking, and application of their learning will assist them in the more formal learning of geometry standards in high school.

VAN HIELE CONNECTION
In Grade 8 students are expected to move from Level 1(Analysis) to Level 2 (Informal Deduction/Abstraction). In van Hiele Level 1 students use
coordinates to examine transformations and recognize, use, and describe properties of transformations. Whereas van Hiele Level 2 can be
characterized by the student doing some or all of the following:
¢ analyzing relationships within and between transformations;
o algebraically expressing transformations: reflections about the x- and y-axes, and rotations of 45°, 90°, and 180° about the origin (Note:
Grade 8 only requires 90° and 180° rotations about the origin or the vertex.)
understanding and justifying how to use perpendicular bisectors of corresponding points to locate the turn center of a rotation;
¢ understanding how the composition of two reflections can be a translation or a rotation; and/or
following a rationale if shown proof.

See the van Hiele pdf on ODE’s website for more information about van Hiele levels.
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TRANSFORMATIONS

Without Coordinates

Transformational geometry is about the effects of rotations, reflections, translations and dilations on figures. This is the first time students work
with transformations. For Grade 8, it is sufficient to say that a transformation moves (or maps) point A to another point A’.

Initial work should be presented in such a way that students understand the concept of each type of transformation and the effects that each
transformation has on an object before working within the coordinate system. Provide opportunities for students to physically manipulate figures
to discover properties of similar and congruent figures involving appropriate manipulatives, such as tracing paper, rulers, Miras, transparencies,
and/or dynamic geometric software.

Time should be allowed for students to explore the figures for each step in a series of transformations, e.g., cutting out and tracing. Discussion
should include the description of the relationship between the preimage (original figure) and its image(s) in regards to their corresponding parts
(length of sides and measure of angles) and the description of the movement, (line of reflection, distance, and direction to be translated, center
of rotation, angle of rotation, and the scale factor of dilation).

Although computer software is encouraged to be used in this cluster, it should not be used prematurely. Students need time to develop these
geometric concepts with hands-on materials such as transparencies. Note: Using transparencies will help students see that it is not really the
figure that is moving, but it is the plane (transparency) that is moving. The concept of the plane moving will help students with vectors in later
mathematics.

With Coordinates

Work in the coordinate plane follows an intuitive understanding of the transformations and should involve the mapping of various polygons by
changing the coordinates using addition, subtraction, and multiplication. For example, when translating, add 3 to x, subtract 4 fromy, or any
other combinations of changes to x and y.

Students should become fluid in both transforming a figure and describing its transformation given two figures.

CONGRUENCE

In Grade 6 students learned that when two shapes match exactly they have the same area. In Grade 7 they learn that two figures that “match
up” or are put on top of each other are the same. In Grade 8, they learn the formal term of congruence and define it by using transformations.
Students should also become familiar with the symbol for congruence (=).

Students should observe and discuss which properties of the polygons remained the same and which properties changed. Understandings
should include generalizations about which transformations maintain size or maintain shape, as well as which transformations do not.
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Students should be able to provide a sequence of transformations required to go from a preimage to its image. Provide opportunities for
students to discuss the procedure used, whether different procedures can obtain the same results, and if there is a more efficient way that can
be used instead. They need to learn to describe transformations using words, numbers, drawings, and expressions.

A discussion can be had about the meaning of congruence. Initially one can use the informal definition of congruence being the same size and
shape, but the discussion should eventually move toward the definition in 8.G.2 “a two-dimensional figure is congruent to another if the second
can be obtained from the first by a sequence of rotations, reflections, and translations.” Use the word “mapping” when discussing the overlay of
two figures.

EXAMPLE
Prove that segments HI and DK are the same length without measuring them. Explain your reasoning.

Discussion: Some students will come up with the idea of putting the line segments, angles, and figures on

top of each other. Build on that idea to introduce the definition of congruence in terms of rigid motions.

Explain that rigid motions preserve the distance and angle measures. Also, continue to emphasize that the *
students are “mapping” one figure onto the other.

) s EXAMPLE
Prove that /KL is the same as £RST without measuring them.
K 4 Discussion: Draw attention to the fact that the lengths of the rays do not affect angle size.
R
-
G
EXAMPLE N 0o
Prove that AMNO is the same size and shape as AKAG.
A
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RIGID MOTIONS
A motion is rigid because the size of the figure does not change. Rigid motions do the following:

¢ map lines to lines, rays to rays, segments to segments, angles to angles, parallel lines to parallel lines;

e preserve distance; and

e preserve degrees.
Translations, reflections, and rotations preserve side lengths and angle measures, as well as distance from the line of reflection and distance
from center of rotation. Therefore, they are rigid motions. Students should discover that congruence between two figures is explained by a
sequence of rigid motions which may include translations, reflections, and rotations.

Translation

A translation is often described informally as a “slide.” Teachers can use both the terms translation and slide simultaneously to reinforce
the vocabulary.

Have students use transparencies or tracing paper to have figures slide onto one another. Emphasize that the plane (transparency or tracing
paper) is moving and not the figure.

Practice using correct labeling such as prime notation. Ask students about similarities and differences between the preimage and image. They
should notice that the sides and the angles are the same (congruent) since one figure can be superimposed over the other. They should also
see that parallel lines within the figure are still parallel. There should also be a discussion about how a translation does not affect the orientation
of a figure.

. . . . . All blue lines connecting
Have students connect the corresponding vertices of a translated figure by drawing lines between the the corresponding vertices
vertices. Ask students what they notice about these lines. Students should realize that the lines are parallel and congruent.
connecting the vertices are all congruent and parallel to each other. Have students explain why this is

the case. U

As students solidify their understanding of translations, they should move to translating figures on a coordinate plane. Now, they should be more
specific about describing the translation such as the image moved to the left 3 units and up 2 units from the preimage (or subtract 3 from x and
add 2 to y). Grade 8 students are not required to use coordinate notation or vectors, but a teacher may introduce these concepts as an
extension.

Grade 8
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An image has Translational Symmetry if there is a translation (or series of translations) that can map the image to its preimage.

Connect the concept of translations to patterns on rugs, M.C. Escher’s paintings, and tessellations.

L:_li Dynamic Computer Software such as Geometer’'s Sketchpad or web based tools such as Desmos or Geogebra can be used to help
students explore transformations.

|:_|i Although students do not need to understand vectors in Grade 8, the Geogebra applet Translation of the Plane Along a Vector may be a
good visual for translations.

Reflection

A reflection is often described informally as a “flip.” Most students have an intuitive understanding of reflections because of their experiences
with mirrors. They should realize that the figure retains the same size and shape, but that its orientation is different. Students should have
practice literally flipping points, lines, and figures overs a line of reflection using transparencies or tracing paper. Lines of reflection should not
be limited to horizontal and vertical lines but diagonal lines should be used as well (such as y = x and y = —x). Also, students should have
experiences where the line of reflection intersects a figure. In addition, they can explore reflections through constructions which can be shown in
Constructing a Line Reflection from Mr. Burke’s Constructions.

After students have had some experience with reflecting images by literally flipping them, have student

connect the vertices of the preimage to its corresponding vertices on the image. Ask students what they Line of Reflection

notice. They should come to the realization that each vertex is the same distance from the line of B A
reflection as its corresponding vertex and that each connecting line forms a right angle with the line of Y ,56
reflection. (This is easier to visualize when not using regular figures.) Have student justify why that is ! /
true. Ask them how they could use that information to draw reflections without actually flipping the figure. Ty R 7z
Also, students should also discover that a reflection is always its own inverse. Once students have a ! By Ay
good grasp of these concepts they should move toward reflections on a coordinate plane. P
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https://www.desmos.com/calculator
https://www.geogebra.org/
http://www2.harpercollege.edu/%7Eskoswatt/RigidMotions/translation.html
https://www.youtube.com/watch?v=jiF4cNbekNo
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EXAMPLE
Draw a line of reflection for the figure PARM and its reflected image PPA'R'M'.

D ‘5 D \/5

Discussion: A task like this reinforces that the line of reflection is an equal distance from corresponding vertices of the two figures. To find the
line of reflection students should be able to connect the vertices of the original figure and its image, and then find the midpoints of the
connecting lines. (In Grade 8 students do not need to know the midpoint formula, but they can find the midpoint by counting or measuring or as
a logical application of finding the distance between two points.) This concept can also be explored using constructions which can be shown in
the video Constructing the Line of Reflection from Mr. Burke’s Constructions.

:Ii Use the Geogebra applet Reflection of the Plane About a Line by Sunil Koswatta to explore reflections.

Symmetry

This would also be a good place to discuss symmetry. As the former standard 4.G.3 (Recognize a line of symmetry for a two-dimensional figure
as a line across the figure such that the figure can be folded along the line into matching parts. Identify line-symmetric figures and draw lines of
symmetry.) is no longer explicitly in the standards, students may need to explore the concept of symmetry before exploring reflections.

A figure has reflectional symmetry (or bilateral symmetry or mirror symmetry) when a line can be drawn so that the figure can be folded
exactly on to itself.
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https://www.youtube.com/watch?v=x70PzMrLoVE
http://www2.harpercollege.edu/%7Eskoswatt/RigidMotions/reflection.html
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Rotation

A rotation is often described informally as a “turn.” For a rotation the following is needed:

e center of rotation,

e direction, and

e number of degrees rotated.
Although students should be made aware that the center of rotation can be anywhere and a figure can be rotated any number of degrees, the
expectation for Grade 8 is that rotations are in increments of 90 degrees. The direction is described as clockwise and counterclockwise, and the
center of rotation is around the origin, a vertex, or the center of a figure.

Students should use transparencies or tracing paper to rotate figures to once again emphasize that the plane moves not the figure. They should
connect rotations to circles. Connections can be made to real-life situations involving rotations such as doing a 180 or 360 on a skateboard.

I:—IE Use the Geogebra applets Rotation of the Plane about the Point B in the Counterclockwise Direction by an Angle @ and Rotation of the
Plane about the Point B in the Clockwise Direction by Angle a by Sunil Koswatta to explore rotations.

EXAMPLE

a. Draw a circle with center O, and overlay point P on the circle using tracing paper or a transparency.

b. As you rotate the circle around the center O, what happens to point P?

c. Mark point P’ any place on the circle. Using your protractor, measure your angle of rotation. Do not forget to state its direction—
clockwise or counterclockwise.

What do you know about OP and OP'? Explain.

What happens if you rotate P’ 180 degrees clockwise from P?

What happens if you rotate P’ 180 degrees counterclockwise from P?

After rotating P’ 180 degrees in Part e., compare PO to PP'.

Create an equivalent angle to ZPOP' that you made in Part b. using the line segment PO as one of the angle rays. Call the new angle
£POR. What is the difference between 2POP' and £POR?

SQ "o o
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http://www2.harpercollege.edu/%7Eskoswatt/RigidMotions/rotateccw.html
http://www2.harpercollege.edu/%7Eskoswatt/RigidMotions/rotatecw.html
http://www2.harpercollege.edu/%7Eskoswatt/RigidMotions/rotatecw.html
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Students should explore images that result from rotations of 180 degrees. They should come to the conclusion that —
e Any line rotated 180 degrees around a point not on its line will be parallel to the preimage;
e Any line rotated 180 degrees around a point on its line will be the same line as the preimage;
¢ Any line segment rotated 180 degrees around its midpoint will be the same segment except the vertices (and all other points on the line)
are switched.
¢ Any line segment rotated 180 degrees around its endpoint will create a line segment joining the image and preimage that is twice as
long as the preimage.
This sets the foundation for understanding why vertical angles are congruent and understanding the relationships between corresponding
angles and alternate interior and exterior angles.

EXAMPLE

a. Graphy = 3 on a coordinate plane.

b. Rotate the line around the origin.

c. How many degrees of rotation will it take for the line to be parallel?
d. Is this true for any line? Explain.

EXAMPLE
R a. Rotate the intersecting lines 180° around the point S.
s b. What do you notice about points R" and S'?
T c. What do you notice about 2R'ST'?
d. What do you notice about TSR’ and 2RST'?
e. Is that true for any pair of vertical angles? Justify your thinking.

Students should discover that a rotation is a rigid motion that preserves size, but does not preserve orientation. A figure has rotational
symmetry if its image can be rotated back onto its original figure. The concept of rotation can also be developed using constructions. A video
called Constructing a Rotation from Mr’s Bruke’s Constructions explains this concept.

Once students become familiar with rotations without a coordinate plane, they should move toward rotating figures on a coordinate plane.

SIMILARITY

Review that in Grade 7 students learned that similar figures have sides that are proportional and angles that are congruent. Also, in 7" grade
students used to say that figures are similar if they have the same shape but different size. Now they will be defining similarity in terms of
transformations. Students should also become familiar with the symbol for similarity (~).

Oh - Department
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https://www.youtube.com/watch?v=VhQdfgTbAKc
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Dilation
Introduce dilation by discussing a topic such as “How do we double the size of a wiggly curve?”

After much discussion lead students toward assigning an arbitrary point, O, on the plane, and pushing every
point on the squiggly line twice as far away from O. Explain to students that this is a dilation. A dilation
pushes out (or pulls in) every point of the figure from its center of dilation proportionally by the same amount.
This can be easily modeled by pushing in or pulling out an image on an overhead projector or an image
drawn on a flashlight. In this case the center of dilation is O, and it can be anywhere on the plane.

:Ii This can also be done by copying and pasting line segments using techonology such as Microsoft Word, Powerpoint, or Smartboard.

A dilation also has a scale factor. When doubling the size of a wiggly curve, the scale factor is 2, but a scale factor could be any number such
as % or 3. Explain that in Grade 8 scale factors always have to be positive. Discuss what happens to a figure when the scale factor is less than
one, compared to when the scale factor greater than one.

Although students should have experiences with the center of dilation being anywhere either inside or outside the figure, the expectation for
Grade 8 is that they be proficient using centers of dilations at the origin and at a vertex of an image.

EXAMPLE

o Dilate the circle A with the center of dilation at the origin using a scale factor of % I 1
¢ Dilate the circle A with the center of dilation at the origin using a scale factor of 2.5. 7

Discussion: This is a challenging problem because a circle has no vertices. Students need
to keep in mind the location of the points. One method is by using rays that originate at

the center of dilation. Also, they need to think about how many points it would take for a ; &l
circle to keep its circle shape. EngageNY, Grade 8, Module 3, Topic A, Lesson 3: Lessons -
of Dilations is a lesson that explore the dilations of circles. Another method could be :
discovering that they can increase or decrease the radius to get a dilated circle.  CHETE I N T T O T TR TR R OO R (R
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Dilations are not rigid motions. Although angle measure is preserved, length is not. Therefore, one cannot use dilations to show congruency,
only similarity. Have students explore why angle measures are preserved in dilations.
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https://www.engageny.org/resource/grade-8-mathematics-module-3-topic-lesson-3
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Connect the idea of dilations to magnification (enlargement). An overhead projector or an image overlaid on a flashlight are good examples to
show how light rays magnify an image, so the image can be seen on the wall. Another real-life example of dilations is shrinky dinks (reduction).
Dilations can also be connected to microscope views, scale drawings, details on a blueprint, photos, and using a computer to zoom in on an
image.

Another way to explore dilations is by using a compass and straight-edge to help students explore dilations. A Youtube video by LongoWTHS
Construct a Dilation with a Scale Factor of 2 models this process. EngageNY, Grade 8, Module 3, Topic A, Lesson 2: Properties of Dilations and
Lesson 3: Examples of Dilations are additional resources on constructing dilations. Students should also discover that to shrink (reduce) or
magnify (enlarge) an image back to its original size, the multiplicative inverse of the scale factor on the transformed image needs to be applied.

Another way to explore constructing dilations without using a compass is to measure the distance from the center of dilation to the vertex. Then,
multiply the distance by the scale factor and measure that far out on the line from the center of dilation to the vertex and make a mark there.

If students ask if there is such a thing as a negative scale factor they should be encouraged to go online and explore. There are
many videos of how to use a negative scale factor, e.g., Transformations: Enlargement by a Negative Scale Factor by
mkyou2tube.

Similarity in Terms of Dilations

Dilations preserve angle measures and corresponding side lengths change proportionally. Students should discover that similarity between two
figures is explained by the sequence of transformations that must include dilations. Note: Congruence should be recognized as a special case
of similarity—a scale factor of 1.

Students can also view similarity in terms of dilations. If all the corresponding vertices of figures fall on a dilation line (y = mx) and the distance
between the original vertices and the images’ vertices are congruent, then the figures are similar. They should also discover that corresponding
line segments are parallel in a dilation. (This informally touches on the Fundamental Theorem of Similarity which students will explore more
formally at later grades.)
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https://www.youtube.com/watch?v=D4zfFPPdFQM
https://www.engageny.org/resource/grade-8-mathematics-module-3-topic-lesson-2
https://www.engageny.org/resource/grade-8-mathematics-module-3-topic-lesson-3
https://www.youtube.com/watch?v=7lvJ8fX_yxc

OHIO’S MODEL CURRICULUM WITH INSTRUCTIONAL SUPPORTS | Mathematics | 2018

INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.G.1-5)

EXAMPLE :
+—| Lines that

a. Graph three or four rays that represent a proportion (y = mx) on a coordinate plane. s y represent

b. Pick and label a point on each line. /| proportions

c. Connect the dots to make a triangle or a quadrilateral. Al

d. Measure the distances from the origin and the vertices of your figure. Then multiply the 11
distance of each segment by a scale factor of 2. Then connect your new points.

e. Measure the distances from the origin and the vertices of your figure. Then multiply the
distance of each segment by a scale factor of 3. Then connect your new points.

f.  What do you notice about the figures?

g. Explain and justify why your observations occur. ",/’\ _N_-

Discussion: Students should come to the realization that the figures are all similar. They should also
realize that the corresponding vertices of the similar figures fall on the same ray that starts at the 2

origin. They should also recognize that the center of dilation in this case is the origin for that is ggﬁ'r’;a'
where the rays begin.

EXAMPLE
Informally prove whether the two figures are similar or not. Justify your thinking.

Discussion: Students should come to the realization that these figures are not similar. This is actually an example of
using a nonexample to illustrate a concept

Draw students’ attention to the within and between relationships of the figures and tie it back to proportional relationships of similar figures that
students learned in Grade 7. For similar figures a within ratio compares two sides of one triangle and a between ratio compares the
corresponding sides of two different triangles. For example there is a relationship within the coordinates that lie on the same line but there is
also a relationship between the corresponding coordinates of the two figures.
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Within Ordered Pairs on the Same Line:
(2, 10) (4, 20) and y = 5x;
(4,3) (8, 6)and y = >x.

(31) (6,2 andy = 3x.

Between Corresponding Coordinates on the Same Line:
(2,10) x 2 = (4, 20)

(4,3)x2=(8,6)

(3,1)x2=(6,2)

ANGLE RELATIONSHIPS

In Grade 7, students develop an understanding of the special relationships of angles and their measures (complementary, supplementary,
adjacent, and vertical). Now in 8.G.5 the focus is on learning about the sum of the measures of the interior angles of a triangle and exterior
angle of triangles by using transformations. Further, transformations are used to find the relationships of angles formed by parallel lines cut by a
transversal. Transformations should be the primary tool for the discovery of angle relationships.

This might be a good time to introduce vocabulary of the types of angles, such as interior, exterior, alternate interior, alternate exterior,
corresponding, same side interior, and same side exterior. Students are expected to recognize but not memorize this vocabulary.

Interior and Exterior Angles of a Triangle

In Grade 7 students should have had some practice exploring that the sum of the angles inside a triangle equal 180 degrees. Now students use
transformations to prove it.

Students can create a triangle and use rotations and transformations to line up all )
the angles to prove that the sum of the interior angles of a triangle equals 180
degrees. They need to be able to demonstrate and explain why the sum of the 2D

interior angles equals 180 degrees.
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Students should build on this activity to explore exterior angle relationships in
triangles. They can also extend this model to explorations involving other
parallel lines, angles, and parallelograms formed. Students should be able to
explain why two angles in a triangle have to be less than 180 degrees.

Angle-Angle (AA) Criterion for Similarity
Investigations should lead to the Angle-Angle criterion for similar triangles. For o ___ 167C ANB/c A\ 8
instance, groups of students should explore two different triangles with one, 1‘7 14 134211 10\ 9
two, and three given angle measurements. Students observe and describe the

relationship of the resulting triangles. As a class, conjectures lead to the

generalization of the Angle-Angle criterion.

/{ Relationships Between Angles Created by Parallel Lines Cut by a Transversal
. ¢ , Students can explore transforming line ¢ to create a parallel line ¢ ’. They can do this by rotating
R line ¢ 180 degrees around point R. Then they can then map angle measures from line ¢to line ¢ .
¢ This can be used to prove alternate exterior angles are congruent. Note: A transversal has no
D :;; - special properties; its only property is that it intersects at least two other lines.

Students can also use transformations to prove the vertical angle congruency that they learned in 7" grade. Using vertical angles and alternate
exterior angles, they can prove alternate interior angles and corresponding angles are congruent and can also reason through the converse.
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EXAMPLE
What information can be obtained by cutting between the intersections of two parallel lines and transforming one onto the other?

a. Find as many missing angle measures as you can.
b. Find and label as many pairs of congruent angles as you can. Justify why they are congruent using transformational arguments.

Note: The cut does not

\ have to be parallel
6 \ >

EXAMPLE

Given two lines that are cut by a transversal, explain why the lines are parallel if their corresponding angles at the point of intersection with the
transversal are congruent. Justify your thinking.

R

<

>

Instructional Tools/Resources
These tools and resources may be helpful for instruction. Before use, they should be evaluated at the local level to determine their
appropriateness for instruction.
Manipulatives/Technology
e pattern blocks or shape sets
mirrors - Miras
geometry software like Cabri Jr, GeoGebra or Desmos
graphing calculators
grid paper
patty paper (tracing paper)
transparencies
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https://www.geogebra.org/
https://www.desmos.com/calculator
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Translations
e Translations by Andrew Stadel is a Desmos task that explores translations.
e Polygraph: Translations by Didi Andres is a Desmos activity about translations.

Reflections
e Point Reflection is a task by lllustrative Mathematics that has students reflect a single point.
o Reflecting Reflections is a task by lllustrative Mathematics that has students experiment with reflections.

Rotations
e Working with Rotations by J.J. Martinez is a Desmos activity that introduces rotations.
e Rotation by Math is Fun includes an applet that allows students to rotate a figure.

Dilations
e Dilations by Andrew Stadel is a Desmos task that explores dilations.
e Working with Dilations by Caleb Rothe is a Desmos activity that introduces dilations.
o Arts Impact—Art-Infused Institute Lesson Plan is an lesson that connects perspective and dilations.
e Transformations-Enlargements is an applet designed to explore what happens when applying dilations.

Series of Transformations

Polygraph: Transformations by Mike Waechter is a Desmos activity about Transformations.

Transformation Golf: Rigid Motion is a Desmos activity that has students use one or more transformation to transform the pre-image to
the image.

Des-Patterns is a Desmos activity where students will practice writing coordinate rules to transform figures to complete patterns.

M.C. Escher 16 Facsimile Prints by the M.C. Escher Foundation is a site with M.C. Escher images that teachers could use to connect art
to transformations.

Transmographer 2 in an applet by Shodor where students can apply transformations to polygons.

Linear Transformations is an applet by Lauren K. Williams form Mercyhurst University that allows students to explore

different transformations.

Flip-n-Slide: Exploring Transformations through Modeling and Computer Games is a lesson by NCTM Illuminations where students
explore reflections, translations, and rotations. NCTM now requires a membership to view their lessons.
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https://teacher.desmos.com/activitybuilder/custom/56200e6234c7321a0677af84
https://teacher.desmos.com/polygraph/custom/560c53f6441172070b26220d
https://www.illustrativemathematics.org/content-standards/8/G/A/3/tasks/995
https://www.illustrativemathematics.org/content-standards/8/G/A/3/tasks/1243
https://teacher.desmos.com/activitybuilder/custom/569031a2d8b3b61f06f40a27
http://www.mathsisfun.com/geometry/rotation.html
https://teacher.desmos.com/activitybuilder/custom/561498911de0cf37102ab0f6
https://teacher.desmos.com/activitybuilder/custom/56c73d3e8973bc22067d7f06
http://arts-impact.org/wp-content/uploads/2015/10/5-Coordinate-Planes-Vertex-and-Perspective-City-in-Motion.pdf
https://www.geogebra.org/m/tTXud8eP
https://www.geogebra.org/m/tTXud8eP
https://teacher.desmos.com/polygraph/custom/560c53f5441172070b26220a
https://teacher.desmos.com/activitybuilder/custom/59b01d08f4d48d0a0ee7526e
https://teacher.desmos.com/activitybuilder/custom/589a31ddda95a7a50509daa5
http://store.mcescher.com/posters
http://www.shodor.org/interactivate/activities/TransmographerTwo/
http://math.mercyhurst.edu/%7Elwilliams/Applets/algebra/linearTransformations.php
http://illuminations.nctm.org/lesson.aspx?id=3704
http://illuminations.nctm.org/lesson.aspx?id=3704
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Congruence and Similarity

Angle Relationships

Curriculum and Lessons from Other Sources

Triangle Congruence with Coordinates is a task by lllustrative Mathematics that has students explore rigid motions and congruence. You
must create an account to view lllustrative Mathematics lessons on OpenUp Resources.

lllustrating the Standards for Mathematical Practice: Congruence and Similarity by National Council of Supervisor's of Mathematics
(NCSM) has teachers examine congruence and similarity through transformations.

lllustrating the Standards for Mathematical Practice: Similarity, Slope, and Lines has teachers unpack the connections between
similarity, slope, and graphs of linear functions.

Different Areas is a task by lllustrative Mathematics that connects similarity and slope.

Polygraph: Angle Relationships by mathycathy is a Desmos task that has students practice using angle vocabulary.
Lines, Transversals, and Angles is a Desmos activity that reviews angle relationships formed by a transversal.

EngageNY, Grade 8, Module 2, Topic A, Lesson 1: Why Move Things Around?, Lesson 4: Definition of Reflection and Basic Properties,
Lesson 5: Definition of Rotation and Basic Properties, Lesson 6: Rotations of 180 Degrees are lessons that pertain to this cluster.
EngageNY, Grade 8, Module 2, Topic B, Lesson 12: Angles Associated with Parallel Lines, Lesson 13: Angle Sum of a Triangle, Lesson
14: More on the Angles of a Triangle are lessons that pertain to this cluster.

EngageNY, Grade 8, Module 3, Topic A, Lesson 1: What Lies Behind “Same Shape”?, Lesson 2: Properties of Dilations, Lesson 3:
Examples of Dilations, Lesson 4: Fundamental Theorem of Similarity, Lesson 5: First Consequences of FTS, Lesson 6: Dilations on the
Coordinate Plane, Lesson 7: Informal Proofs of Properties of Dilations are lessons that pertain to this cluster.

EngageNY, Grade 8, Module 3, Topic B, Lesson 8: Similarity, Lesson 9: Basic Properties of Similarity, Lesson 10: Informal Proof of AA
Criterion for Similarity, Lesson 11: More About Similar Triangles, Lesson 12: Modeling Using Similarity are lessons that pertain to this
cluster.

lllustrative Mathematics, Grade 8, Unit 1: Rigid Transformations and Congruence has many lessons that pertain to this cluster. You must
create an account to view lllustrative Mathematics lessons on OpenUp Resources.

lllustrative Mathematics, Grade 8, Unit 2: Dilations, Similarity, and Introducing Slope, Lesson 1: Projecting and Scaling, Lesson 2:
Circular Grid, Lesson 3: Dilations with No Grid, Lesson 4: Dilations on a Square, Lesson 5: More Dilations, Lesson 6: Similarity, Lesson
7: Similar Polygons, Lesson 8: Similar Triangles, Lesson 9: Side Length Quotients in Similar Triangles are lessons that pertain to this
cluster. You must create an account to view lllustrative Mathematics lessons on OpenUp Resources.

2.3 Constructing Rotations, 2.1 Constructing Dilations, 2.2 Constructing Reflections, 2.5 Identifying a Series and Determining
Congruence or Similarity are worksheets from Charleston Community Unit School District, lllinois that explores transformations.

Course 3 Online is a website from Henrico County Public Schools, Virginia that has many resources for transformations.

Ohio
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https://www.illustrativemathematics.org/content-standards/8/G/A/3/tasks/1232
https://www.illustrativemathematics.org/content-standards/8/G/A/3/tasks/1232
https://www.illustrativemathematics.org/content-standards/8/G/A/3/tasks/1232
https://www.mathedleadership.org/ccss/itp/similarity.html
https://www.mathedleadership.org/ccss/itp/similarity.html
https://www.mathedleadership.org/ccss/itp/lines.html
https://www.illustrativemathematics.org/content-standards/8/G/A/4/tasks/1962
https://teacher.desmos.com/polygraph/custom/586a8f5f8d99e7bf363277cc
https://teacher.desmos.com/activitybuilder/custom/56fd6cb1bfa5cb4206f88f5f
https://www.engageny.org/resource/grade-8-mathematics-module-2-topic-lesson-1
https://www.engageny.org/resource/grade-8-mathematics-module-2-topic-lesson-4
https://www.engageny.org/resource/grade-8-mathematics-module-2-topic-lesson-5
https://www.engageny.org/resource/grade-8-mathematics-module-2-topic-lesson-6
https://www.engageny.org/resource/grade-8-mathematics-module-2-topic-c-lesson-12
https://www.engageny.org/resource/grade-8-mathematics-module-2-topic-c-lesson-13
https://www.engageny.org/resource/grade-8-mathematics-module-2-topic-c-lesson-14
https://www.engageny.org/resource/grade-8-mathematics-module-2-topic-c-lesson-14
https://www.engageny.org/resource/grade-8-mathematics-module-3-topic-lesson-1
https://www.engageny.org/resource/grade-8-mathematics-module-3-topic-lesson-2
https://www.engageny.org/resource/grade-8-mathematics-module-3-topic-lesson-3
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References, continued
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STANDARDS

MODEL CURRICULUM (8.G.6-8)

GEOMETRY

Understand and apply the
Pythagorean Theorem.

8.G.6 Analyze and justify an informal
proof of the Pythagorean Theorem and
its converse.

8.G.7 Apply the Pythagorean Theorem to
determine unknown side lengths in right
triangles in real-world and mathematical
problems in two- and three-dimensions.
8.G.8 Apply the Pythagorean Theorem to
find the distance between two points in a
coordinate system.

Expectations for Learning

This is the introduction to the Pythagorean Theorem. It is the first time students are exposed to a
conditional as a logical structure in relation to the Pythagorean Theorem and its converse.

Using manipulatives and drawings, students understand the Pythagorean Theorem and its
converse. Students will learn in this cluster that in a right triangle the sum of the squares of the legs
is equal to the square of the hypotenuse. It is imperative that students are fluent in applying the
Pythagorean Theorem and its converse. These ideas will be developed in high school to include
trigonometry and analytical geometry. The use of the converse of the Pythagorean theorem to
determine whether a triangle is acute or obtuse is also explored in high school geometry. Informal
proofs are introduced in eighth grade; formal proofs will begin in high school. Students will be able
to apply the Pythagorean Theorem to the coordinate plane, in three-dimensional representations,

and other real-world applications.

The student understanding of this cluster aligns with a van Hiele Level 2. (Informal

Deduction/Abstraction).

ESSENTIAL UNDERSTANDINGS

e Side lengths need not be represented by rational numbers.

e The Pythagorean Theorem states that in a right triangle the sum of the squares of the
lengths of the legs is equal to the square of the length of the hypotenuse.

e The Pythagorean Theorem is represented symbolically by

(leg a)? + (leg b)? = hypotenuse?

Pythagorean Theorem.
Continued on next page

The Pythagorean Theorem only applies to right triangles.

The hypotenuse is the longest side of a right triangle and opposite the right angle.

The legs of a right triangle are perpendicular.

The distance between two non-vertical or non-horizontal points in the coordinate plane can
be determined by creating a right triangle with vertical and horizontal legs and applying the

Oh - Department
10 of Education
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STANDARDS

MODEL CURRICULUM (8.G.6-8)

8.G.6-8, continued

Expectations for Learning, continued
ESSENTIAL UNDERSTANDINGS, CONTINUED

MATHEMATICAL THINKING

INSTRUCTIONAL FOCUS

Continued on next page

Converse is the reverse order of a hypothesis.

The converse of the Pythagorean Theorem states that if the sum of the squares of the legs
is equal to the square of the hypotenuse then the triangle is a right triangle

The converse is used to determine whether or not a triangle is a right triangle

The converse of the Pythagorean Theorem works because of the uniqueness of a triangle.

Use precise mathematical language

Draw a picture or create a model to make sense of a problem

Determine reasonableness of the results.

Solve real-world and mathematical problems accurately.

Describe mathematical reasoning using accurate mathematical vocabulary.

Identify the legs and hypotenuse of a right triangle.

Investigate and generalize the relationship between the areas of the squares created using
the side lengths of a triangle.

Generalize an informal justification of the Pythagorean Theorem and its converse.

Use the Pythagorean Theorem to determine if a triangle is a right triangle.

Use the Pythagorean Theorem to find a missing side length of a right triangle.

Plot right triangles on a coordinate plane to investigate the relationship of side lengths.
Recognize that the distance between two coordinate points can be the length of the
hypotenuse of a right triangle.

Apply the Pythagorean Theorem to find the distance between two points in the coordinate
plane,

Model real-world problems including lengths that cannot be directly measured.

Oh - Department
10 of Education
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STANDARDS MODEL CURRICULUM (8.G.6-8)

8.G.6-8, continued Content Elaborations

e Ohio’s K-8 Critical Areas of Focus, Grade 8, Number 3, pages 53-54
e Ohio’'s K-8 Learning Progressions, 6-8 Geometry, page 21

CONNECTIONS ACROSS STANDARDS
e Students will use rational and irrational numbers (8.NS.1, 2).
e Students will use square roots (8.EE.2).
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http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/Transitioning-to-the-2017-Learning-Standards-in-Ma/K-8-Critical-Areas-of-Focus-3-7-17.pdf.aspx#page=53
http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/Transitioning-to-the-2017-Learning-Standards-in-Ma/Ohio-s-K-8-Learning-Progressions.pdf.aspx#page=21
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Instructional Strategies

Note: The model curriculum is not a collection of lessons nor a full curriculum; it does not suggest pace, Standards for Mathematical Practice
sequence, or amount of time spent on topics. It provides information about a topic related to the standards . . ..
including ideas for examples, strategies for teaching, common misconceptions, and possible connections This CIUSt_er fOCUS?S on but is not limited to
between topics. In addition, the emphasis of the model curriculum is on instruction not on assessment; therefore, the followmg practices:

the examples in the Instructional Strategies section are written for instructional purposes not necessarily as MP.1 Make sense of problems and
assessment items. Examples may need to be rewritten to accommodate the needs of each individual classroom. persevere in solving them.

_ _ MP.2 Reason abstractly and quantitatively.
Students should understand the Pythagorean theorem as an area relationship between the MP.3 Construct viable arguments and

sum of the squares on the lengths legs and the square on the length of the hypotenuse. critique the reasoning of others.
This can be represented as (leg a)? + (leg b)?= hypotenuse?. The Pythagorean Theorem MP.4 Model with mathematics.
only applies to right triangles. MP.6 Attend to precision.
MP.8 Look for and express repeated
Exclusively using a? + b?= ¢ frequently leads to student errors in identifying reasoning.

the parts of the triangle. Use words like leg a, leg b, and hypotenuse c.

VAN HIELE CONNECTION

Van Hiele Level 2 can be characterized by the student doing some or all of the following:
noticing relationships within and between properties and figures;

forming meaningful definitions;

justifying reasoning using informal arguments;

drawing logical maps and diagrams; and/or

not yet understanding formal deduction.

See the van Hiele pdf on ODE’s website for more information about van Hiele levels.

hypotenuse
<
L+)

RIGHT TRIANGLES D 2 @
A right triangle is a triangle that contains a right angle. The two shorter side lengths adjacent to the right
angle are called legs and the longest side opposite from the right angle is called the hypotenuse. It is leg
important for students to see right triangles in different orientations.
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PROVING THE PYTHAGOREAN THEOREM

Previous understanding (such as the sum of two side measures in a triangle is greater than the third side measure and
the sum of the angles in a triangle in addition to the area of squares) is furthered by the introduction of unique qualities of
right triangles. Students should be given the opportunity to explore right triangles to determine the relationships between
the measures of the legs and the measure of the hypotenuse. Experiences should involve using square grid paper to
draw right triangles from given measures and representing and computing the areas of the squares on each side.
Students can physically cut the squares on the legs apart and rearrange them, so they fit on the square along the
hypotenuse. Data should be recorded in tables, allowing for students to conjecture about the relationship among the
areas. An example of an area model that students can cut out to prove the Pythagorean Theorem is Proof of
Pythagoras’s Theorem by Math Is Good for You!

EXAMPLE
(Give students various triangles drawn on grid paper, so they can discover the relationships between the legs and the hypotenuse. Although a

majority of the triangles should be right triangles include one or two non-right triangles for contrast as well.)

Red Triangle Blue Triangle Green Triangle Orange Triangle
S I M IR
of Side | the Side of Side | the Side of Side | the Side of Side | the Side
Side a Side a Side a Side a
Side b Side b Side b Side b
Side c Side c Side ¢ Side c

¢ Find the lengths of the sides of each triangle and the area of the square formed by the side of the triangle. Record your information in
the table.

e What patterns do you notice?

e Does your pattern work for any triangle or just for right triangles? Explain.

Discussion: Students should come to the conclusion that the sum of the areas of the squares along the legs equals the area of the square along
the hypotenuse. Also include triangles that are non-right triangles to prevent the misconception that the theorem applies to all triangles.
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http://www.mathsisgoodforyou.com/worksheets/Pythagoras1.pdf
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EXAMPLE (EXTENSION) |
Prove that (leg a)? + (leg b)? = hypotenuse? using the area of
semi-circles that are formed along the sides of a right triangle. (

Discussion: Other shapes in addition to squares can also be
used to prove the Pythagorean Theorem such as semi-
circles, rectangles, or triangles.

Students should form a conjecture, and then explain and discuss their findings. Finally, the Pythagorean Theorem should be introduced and
explained as the pattern they have explored.

Time should be spent analyzing several proofs of the Pythagorean Theorem to develop a beginning sense of the process of deductive
reasoning and the significance of a theorem. Students should be able to justify an informal proof of the Pythagorean Theorem or its converse.
However, avoid algebra involving the expansion of (a + b)? since that is above the expectation of Grade 8.

EXAMPLE
The area of the gray square is four square units.

What is the area of the red square?

What is the side length of the red square?

Notice each corner makes an isosceles right triangle (blue) with side lengths of 1.
Therefore, what is the hypotenuse of a right triangle with side lengths of 1?

Discussion: Students should connect their knowledge that the side length of a square is the square root of the area (See 8.EE.2 for more
information.) Therefore if the area of the red square is 2, then the side length of the square would have to be /2. So the right triangle formed on

each corner would have legs that equal 1 unit and a hypotenuse that equals v2 units. This should then be extended to squares of other
dimensions. After doing many example students should start to see that each time an isosceles right triangle is formed where the sum of the
squared leg length equals the square root of the hypotenuse.

Grade 8

Oh - Department
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EXAMPLE
- Explain the following proof of the Pythagorean Theorem.

- Discussion: See Pythagoras in 60 Seconds by Antics Animation or Pythagoras Without Words by
- - —{ Tipping Point Math or Pythagoras Theorem-Learn Without Memorizing by BYJU’s for more

. _ 1 information about how to solve this proof. See the instructional resources/tools section for more

- resources using informal proofs of the Pythagorean Theorem.

| N I N O I B

Converse of the Pythagorean Theorem

Previously, students have discovered that not every combination of side lengths will create a triangle. Now they need to explore situations that
involve the Pythagorean Theorem to test whether or not side lengths represent right triangles. This is an opportunity to remind students that the
longest side is the only possibility for the hypotenuse. Students should be able to explain why a triangle is or is not a right triangle using the
converse of the Pythagorean Theorem. This might be an opportunity for students to explore Pythagorean triples.

Applying the Pythagorean Theorem

Students can apply the Pythagorean Theorem to real-world situations involving two- and three-dimensions. Some examples of this may include
designing roofs, ramp dimensions, etc. Students should sketch right triangles to model real-world situations. Challenge students to identify
additional ways that the Pythagorean Theorem is or can be used in real-world situations or mathematical problems, such as finding the height of
something that is difficult to physically measure, or the right triangle formed by the diagonal of a prism.

EXAMPLE
Jake wants to clean the gutters. If his house is 25 feet tall, and he has a 28 foot ladder, how far does he need to place the ladder from
his house?

Students frequently neglect to apply the Pythagorean Theorem and instead add the leg lengths to find the length of the
hypotenuse. Another frequent mistake is that students do not take the square root of their answer. Connecting the Pythagorean
Theorem to pictures with squares could help students understand the formula. Also, students incorrectly assume the missing

side is always the hypotenuse. It is important to make sure that they are given a variety of problems where different sides lengths
are missing.
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https://www.youtube.com/watch?v=pVo6szYE13Y
https://www.youtube.com/watch?v=odfhFSnLaaw
https://www.youtube.com/watch?v=z8deq-zdaIg
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Students oftentimes round values prior to final calculations, which may result in inaccurate solutions especially when working
with the converse of the Pythagorean. Advise against intermediate rounding.

£& In construction, the Pythagorean Theorem is used to make sure buildings are square. The application of the theorem is
used to accurately check ceilings, build connecting walls and staircases, and lay foundations to ensure 90° angles. As students are
working with the Pythagorean Theorem consider creating opportunities for students to apply it to real-world situations that could arise in building
homes and businesses. For Example, the Harrell Construction Company is building a house and needs to make sure the building is up to code
for their inspection. They need to check to ensure that the intersection of the adjoining walls forms a 90° angle. The length of the right wall
measures 12 ft. and the adjacent wall measures 9ft. what must the distance between the two walls be to pass inspection?

FINDING THE DISTANCE BETWEEN TWO POINTS

The Pythagorean Theorem can be used to find missing side lengths in a right triangle with or without coordinates. The Pythagorean Theorem
should be applied to finding the lengths of segments on a coordinate grid, especially those segments that do not follow the vertical or horizontal
lines, as a means of discussing the determination of distances between points. Students in Grade 8 should extend the use of the Pythagorean
Theorem to find the distance between two points. Understanding how to determine distance by using vertical and horizontal lengths as legs of a
right triangle is more important than deriving or memorizing a formula.

An extension could be having students understand how to find the midpoint as well as there is an intuitive connection to the finding the distance
between two points.
EXAMPLE

r 3

Use the Pythagorean Theorem to find the distance between (-4, 1) and (-2, -3).

Use the Pythagorean Theorem to find the distance between (3, 2) and (-1, -2).

Use the Pythagorean Theorem to find the distance between (0, 3) and (3, -1).

Use the Pythagorean Theorem to find the distance between (a, b) and (c, d).

How could you use the Pythagorean Theorem to find the distance between any two points? Explain.
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Instructional Tools/Resources

These tools and resources may be helpful for instruction. Before use, they should be evaluated at the local level to determine their
appropriateness for instruction.
Proofs of the Pythagorean Theorem

o Proof Without Words by Steve Phelps is a Geogebra activity with 30 questions that model the Pythagorean Theorem visually.

e Corner to Corner is a two-lesson unit by NCTM llluminations. In the first lesson students use patter recognition to determine the length of

a diagonal of a square is v/2 using a baseball diamond. In the second lessons, students discover the Pythagorean Theorem by
examining rectangle patterns. This lesson requires a subscription to NCTM.

o 6.5 Understanding the Pythagorean Relationship by NCTM Illuminations is an applet that shows a proof without words for the
Pythagorean Theorem.

e Pythagorean Theorem is a lesson by Yummy Math that incorporates Geobebra and helps students discover the Pythagorean Theorem.
e Pythagorean Theorem by Rori Abernethy is a Desmos activity where students learn about the Pythagorean Theorem.

o Geogebra has many interactive activities about the Pythagorean Theorem by John Golden and Pythagoras by Stephen Jull and Proof
Without Words by Steve Phelps.

¢ Pythagorean Review is an applet by NCTM Illuminations that explores the Pythagorean Theorem.
e Pythagorean Theorem is a lesson by Shodor that includes an applet and guiding questions about the Pythagorean Theorem.

Constructions
¢ Maya Constructions is a lesson by NCTM llluminations where students use a compass and straight edge to construct rectangles. Then
they find the diagonal of the square using the Pythagorean Theorem. NCTM now requires a membership to view their lessons.

Converse of the Pythagorean Theorem

e Converse of the Pythagorean Theorem is a task by lllustrative Mathematics that emphasizes the difference between the Pythagorean
Theorem and its converse.

Application Using the Pythagorean Theorem
e Pipefitter and the Pythagorean Theorem is a video by PBS Learning Media that shows an apprentice pipefitter explain how he uses
math and science in his every day work.

o Wrapping Presents on the Diagonal is a lesson by Yummy Math that discusses how to wrap presents more efficiently. It is a problem
solving lesson that incorporates surface area and the Pythagorean Theorem.

e HDTV Surprise is a lesson by Yummy Math that has students apply the Pythagorean Theorem to find the length of a TV.
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https://www.geogebra.org/m/jFFERBdd
http://illuminations.nctm.org/Unit.aspx?id=6490
http://illuminations.nctm.org/Activity.aspx?id=6376
http://illuminations.nctm.org/Activity.aspx?id=6376
https://www.yummymath.com/2012/pythagorean-theorem/
https://teacher.desmos.com/activitybuilder/custom/58b5ab4253fe51bf05a2036a
https://www.geogebra.org/m/P3m5yqMF
https://www.geogebra.org/m/UhWvHN3e
https://www.geogebra.org/m/jFFERBdd
https://www.geogebra.org/m/jFFERBdd
http://illuminations.nctm.org/Activity.aspx?id=6877
http://www.shodor.org/interactivate/lessons/PythagoreanTheorem/
http://illuminations.nctm.org/Lesson.aspx?id=4004
https://www.illustrativemathematics.org/content-standards/8/G/B/6/tasks/724
https://www.illustrativemathematics.org/content-standards/8/G/B/6/tasks/724
https://wosu.pbslearningmedia.org/resource/3be8249b-0c4f-445f-baaf-0661b6d851e4/pipefitter-and-the-pythagorean-theorem/#.Wkvrvt-nGCg
https://www.yummymath.com/2017/wrapping-presents-on-the-diagonal-2/
https://www.yummymath.com/2017/wrapping-presents-on-the-diagonal-2/
https://www.yummymath.com/2014/hdtv-surprise-2/
https://www.yummymath.com/2014/hdtv-surprise-2/
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Application Using the Pythagorean Theorem, continued
e Fish Tale, Go Figure is a lesson by Yummy Math that has students apply the Pythagorean Theorem to find diagonal of a fish tank.

e \Watson Save is a lesson by Yummy Math where students analyze a football play using the Pythagorean Theorem.

e Two Triangles’ Area is a task by lllustrative Mathematics where students need to draw auxiliary lines and apply the Pythagorean
Theorem to find the area of the triangles.

o Area of a Trapezoid is a task by lllustrative Mathematics where students need to use the Pythagorean theorem to find an unknown side
length of a trapezoid.

o Shapes with the Same Perimeter is a task by lllustrative Mathematics where students use the Pythagorean Theorem to find the area of
various shapes with the same perimeter.

e Spider Box is a task by lllustrative Mathematics that has students apply the Pythagorean Theorem to find diagonals of a spider box.

e Applications of the Pythagorean Theorem-Magnetism is a NASA activity where students apply the Pythagorean Theorem to three-
dimensions. This could be used as an extension activity.

Finding the Distance Between Two Points
¢ Maritime Mysteries by KET has students determining the distances between points on a coordinate grid using the Pythagorean theorem
and sea animals.

e Introduction to the Distance Formula by Lee-Anne Patterson is a Desmos Activity where students make sense of the distance formula.

e Finding Isosceles Triangles is a task by lllustrative Mathematics where students use the distance formula or Pythagorean Theorem to
analyze triangles.

e Exploring Length with Geoboards is a Desmos activity where students explore length and use the Pythagorean Theorem.

e Finding the Shortest Route: A Schoolyard Problem is a task by Mathematics Assessment Project where students apply the Pythagorean
Theorem to solve problems in the real-world.

e Tilted Squares is an activity Enriching Mathematics where students use the Pythagorean Theorem or the Distance Formula to find the
area of tilted squares.

e Garden Shed is an activity Enriching Mathematics where students use the Pythagorean Theorem to find the lengths of beams.

Curriculum and Lessons from Other Sources

e Georgia Standards of Excellence, Grade 8, Unit 3: Geometric Applications of Exponents has many tasks that address this cluster. These
tasks can be found on pages 113-114.

e EngageNY Grade 8, Module 2, Topic D, Lesson 15: Informal Proof of the Pythagorean Theorem, Lesson 16: Applications of the
Pythagorean Theorem are lessons that pertain to this cluster.
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https://www.yummymath.com/2012/fish-tale-go-figure/
https://www.yummymath.com/2012/watson-save/
https://www.illustrativemathematics.org/content-standards/8/G/B/7/tasks/900
https://www.illustrativemathematics.org/content-standards/8/G/B/7/tasks/902
https://www.illustrativemathematics.org/content-standards/8/G/B/7/tasks/902
https://www.illustrativemathematics.org/content-standards/8/G/B/7/tasks/1130
https://www.illustrativemathematics.org/content-standards/8/G/B/7/tasks/1130
https://www.illustrativemathematics.org/content-standards/8/G/B/7/tasks/1699
https://www.nasa.gov/sites/default/files/files/SMI_Problem17.pdf
http://tdcms.ket.org/cpbmath2/mysterythree/index.html#riddle
https://teacher.desmos.com/activitybuilder/custom/5600a868e795241d06683511
https://teacher.desmos.com/activitybuilder/custom/5600a868e795241d06683511
https://www.illustrativemathematics.org/content-standards/8/G/B/8/tasks/1556
https://www.illustrativemathematics.org/content-standards/8/G/B/8/tasks/1556
https://teacher.desmos.com/activitybuilder/custom/58efa58b999d890619a5663e
http://map.mathshell.org/lessons.php?unit=8305&collection=8&redir=1
https://nrich.maths.org/2293
https://nrich.maths.org/11190
https://nrich.maths.org/11190
https://www.georgiastandards.org/Georgia-Standards/Frameworks/8th-Math-Unit-3.pdf
https://www.engageny.org/resource/grade-8-mathematics-module-2-topic-d-lesson-15
https://www.engageny.org/resource/grade-8-mathematics-module-2-topic-d-lesson-16
https://www.engageny.org/resource/grade-8-mathematics-module-2-topic-d-lesson-16
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.G.6-8)
Curriculum and Lessons from Other Sources, continued

e EngageNY Grade 8, Module 3, Topic C, Lesson 13: Proof of the Pythagorean Theorem, and Lesson 14: The Converse of the
Pythagorean Theorem are lessons that pertain to this cluster.

o EngageNY Grade 8, Module 7, Topic C, Lesson 15: The Pythagorean Theorem Revisited, Lesson 16: Converse of the Pythagorean
Theorem, Lesson 17: Distance on the Coordinate Plane, Lesson 18: Applications of the Pythagorean Theorem are lessons that pertain
to this cluster.

¢ |llustrative Mathematics, Grade 8, Unit 8: Pythagorean Theorem and Irrational Numbers, Lesson 6: Finding Side Lengths of Triangles,
Lesson 7: A Proof of the Pythagorean Theorem, Lesson 8: Finding Unknown Side Lengths, Lesson 9: The Converse, Lesson 10:
Applications of the Pythagorean Theorem, Lesson 11: Finding Distances in the Coordinate Plane are lessons that pertain to this cluster.
You must create an account to view lllustrative Mathematics lessons on OpenUp Resources.

General Resources
e Arizona 7-High School Progression on Geometry

This cluster is addressed on pages 5, 11-12.

e Coherence Map by Achieve the Core is an interactive website that shows the progression and interconnectedness of the Common Core
standards. To be noted, there are some differences between Ohio’s Learning Standards and the Common Core, so although the tool is
useful, it needs to be checked with respect to Ohio’s Learning Standards.

e High School Coherence Map by UnboundED is a map of the relationships among high school mathematics standards. Please note: This
resource is aligned to the Common Core not Ohio’s Learning Standards. Although the tool is useful, it needs to be checked with respect
to Ohio’s Learning Standards.

e van Hiele Model of Geometric Thinking is a pdf created by ODE that summarized the van Hiele levels.

References
e Battista, M. (2007). The development of geometric and spatial thinking. In F. K. Lester (Ed.), Second Handbook of Research on
Mathematics Teaching and Learning, (pp. 629-668). Charlotte, NC: Information Age Publishing.
e Common Core Standards Writing Team. (2016, March 24). Progressions for the Common Core State Standards in Mathematics (draft).
Grades 7-8, HS, Geometry. Tucson, AZ: Institute for Mathematics and Education, University of Arizona.
e Kinach, B. (March 2012). Fostering spatial vs. metric understanding in geometry. Mathematics Teacher, 105(7), 534-540.

e Van De Walle, J., Karp, K., & Bay-Williams, J. (2010). Elementary and Middle School Mathematics (7" ed.). Boston, MA: Pearson
Education, Inc.
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https://www.engageny.org/resource/grade-8-mathematics-module-3-topic-c-lesson-13
https://www.engageny.org/resource/grade-8-mathematics-module-3-topic-c-lesson-14
https://www.engageny.org/resource/grade-8-mathematics-module-3-topic-c-lesson-14
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-c-lesson-15
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-c-lesson-16
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-c-lesson-16
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-c-lesson-17
https://www.engageny.org/resource/grade-8-mathematics-module-7-topic-c-lesson-18
https://im.openupresources.org/8/teachers/8/6.html
https://im.openupresources.org/8/teachers/8/7.html
https://im.openupresources.org/8/teachers/8/8.html
https://im.openupresources.org/8/teachers/8/9.html
https://im.openupresources.org/8/teachers/8/10.html
https://im.openupresources.org/8/teachers/8/10.html
https://im.openupresources.org/8/teachers/8/11.html
http://commoncoretools.me/wp-content/uploads/2016/03/ccss_progression_g_7_hs_2016_03_27.pdf
https://achievethecore.org/coherence-map/8/38
file:///C:/Users/10123376/Downloads/High_School_Coherence_Map_v1.0__1_%20(2).pdf#page=4
http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Model-Curricula-in-Mathematics/Van-Hiele-Model-of-Geometric-Thinking.pdf.aspx?lang=en-US
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STANDARDS

MODEL CURRICULUM (8.G.9)

GEOMETRY

Solve real-world and mathematical
problems involving volume of
cylinders, cones, and spheres.
8.G.9 Solve real-world and
mathematical problems involving
volumes of cones, cylinders, and
spheres.

Expectations for Learning

Students have previously worked with finding the volume of right prisms and the areas of circles.
The students add to their knowledge of volume by solving problems involving cones, cylinders, and
spheres. These shapes were previously introduced by their attributes in past grades.

The student understanding of this cluster aligns with a van Hiele Level 1 (Analysis) and moves
toward van Heile Level 2 (Informal Deduction/Abstraction).

ESSENTIAL UNDERSTANDINGS
o The bases of cones and cylinders are circles.
The net of a cylinder is a rectangle with 2 circles.
Cones and pyramids have one base.
The point of a cone and pyramid is called the apex.
The height of a pyramid or cone is the perpendicular distance from the apex to the (possibly
extended) base.
e The slant height of a pyramid or cone is the distance measured along the lateral face from
the apex to the base.
¢ The volume of a pyramid is 1/3 of the volume of a prism with congruent bases and heights.
e The volume of a cone is 1/3 of the volume of a cylinder with congruent bases and heights.

MATHEMATICAL THINKING
e Consider mathematical units involved in the problem.
e Solve real-world problems accurately.
e Solve mathematical problems accurately.
o Draw a picture or create a model to make sense of a problem.
e See structure in equations.
Continued on next page
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STANDARDS

MODEL CURRICULUM (8.G.9)

8.G.9, continued

Expectations for Learning, continued

INSTRUCTIONAL FOCUS

Recognize the components of the formulas for the volume.

Compare the formulas for volume.

Given the volume, find the radius, diameter, height, or area of the base.

Given the dimensions, find the volume.

Differentiate between linear units, square units, and cubic units.

Use volume to model real-world situations.

Explore and make connections about the relationship between the volume of a cube and

pyramid with the same base and height.

e Explore and make connections about the relationship between the volume of a cylinder and
cone with the same base and height.

Content Elaborations
e Ohio’s K-8 Critical Areas of Focus, Grade 8, Number 3, pages 53-54
e Ohio’s K-8 Learning Progressions, 6-8 Geometry, page 21

CONNECTIONS ACROSS STANDARDS
¢ When given the volume, find the square or cube roots to determine the radius (8.EE.2).

Oh - Department
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http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/Transitioning-to-the-2017-Learning-Standards-in-Ma/K-8-Critical-Areas-of-Focus-3-7-17.pdf.aspx#page=53
http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Ohio-s-Learning-Standards-in-Mathematics/Transitioning-to-the-2017-Learning-Standards-in-Ma/Ohio-s-K-8-Learning-Progressions.pdf.aspx#page=21
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.G.9)

Instructional Strategies

Note: The model curriculum is not a collection of lessons nor a full curriculum; it does not suggest pace,
seguence, or amount of time spent on topics. It provides information about a topic related to the standards
including ideas for examples, strategies for teaching, common misconceptions, and possible connections
between topics. In addition, the emphasis of the model curriculum is on instruction not on assessment; therefore,
the examples in the Instructional Strategies section are written for instructional purposes not necessarily as
assessment items. Examples may need to be rewritten to accommodate the needs of each individual classroom.

In Grade 7 students explored circles and the surface area and volume of right prisms. In
Grade 8, they are putting the two concepts together to explore right cylinders, right cones,
and spheres. The focus in this cluster should be on relationships between solids and the

Standards for Mathematical Practice

This cluster focuses on but is not limited to

the following practices:

MP.1 Make sense of problems and
persevere in solving them.

MP.2 Reason abstractly and quantitatively.

MP.3 Construct viable arguments and
critique the reasoning of others.

MP.4 Model with mathematics.

real-world application of volume. Not only do students need to find the volume, but they
should also be able to find a missing dimension given the volume.

MP.5 Use appropriate tools strategically.
MP.6 Attend to precision.
MP.7 Look for and make use of structure.

Note: There is no place in the standards where students are explicitly asked to find the
surface area of a cone or cylinder. If students have not explored these concepts in Grade 7, it might be a worthwhile extension in this cluster.
Although, the volume of a pyramid is not explicitly mentioned until high school, some mathematicians consider a pyramid as a subset of a cone,
S0 it is appropriate to teach volume of a pyramid in this cluster.

VAN HIELE CONNECTION
Level 1 (Analysis) can be characterized by the student doing some or all of the following:
e comparing length, area, or volume by manipulating and matching parts;
visually comparing shapes by composing/decomposing;
visualizing structured iteration of length, area, or volume units;
organizing area and volume units into (2D, 3D) array structure without gaps or overlaps;
using a single unit, row, or layer repeatedly (iterating) to correctly measure or construct length, area, or volume respectively;
determining measurement without having to show every unit instead of using only humbers (no visible units or repeated units); and/or
creating composite units, columns, rows, or layers to find length, area, or volume.

Level 2 (Informal Deduction/Abstraction) can be characterized by the student doing some or all of the following:
¢ fully understanding the procedures and formula for determining measurement of simple, familiar shapes;
e generalizing unit-measure enumeration to include fractional units;
e understanding and making unit conversions; and/or
e generalizing measurement to non-squares for area and non-cubes for volume.

See the van Hiele pdf on ODE’s website for more information about van Hiele levels.
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http://education.ohio.gov/getattachment/Topics/Learning-in-Ohio/Mathematics/Model-Curricula-in-Mathematics/Van-Hiele-Model-of-Geometric-Thinking.pdf.aspx?lang=en-US
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.G.9)

DRAWING

To develop students’ spatial skills, they need practice learning how to draw three-dimensional solids such as cones, cylinders, pyramids,
and spheres.

I;Ii There are many times in life, where people need to represent three-dimensional solids as two-dimensional figures in presentations using
technology. Have students practice creating three-dimensional solids on technology platforms.

CYLINDERS - —
Begin by recalling the formula, and its meaning, for the volume of a right rectangular prism: T

Vprism = I X w X hand Vs, = Bh. Then ask students to make a conjecture about the volume

formula for a cylinder. h h

Most students can be readily led to the understanding that the volume of a right rectangular prism i - l J—
can be thought of as the area of a “Base” times the height, and so because the area of the base of a WV —

: : . ) . . 2 «—|— .

cylinder is a circle whose area equals nr“ the volume of a cylinder is V,yjnger = nr“h or V.= Bh. Foam circular

layers that have the height of 1 unit can be used to show how to build a cylinder of h height and reinforce Base x height as well.

CONES
To explore the formula for the volume of a cone, use cylinders and cones with the same radius and height. Fill the cone with rice or water and

pour it into the cylinder. Students will discover/experience that 3 cones full are needed to fill the cylinder. This non-mathematical demonstration

of the formula for the volume of a cone, V., = %nr3h of Voone = §Bh, will help students make sense of the formula. Note: Teachers can extend

this activity to explore the volume of a pyramid.

Make sure to differentiate between the height of an object and slant height.
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SPHERES

To explore the formula for the sphere, use spheres, cylinders, and cones with the
same radius, whereas the height of the cone and the cylinder must be the same as
the radius, but the height of the sphere will be twice the radius. Discuss the
relationships between the solids. Fill the sphere with rice or water and pour into the
cylinder. Students will discover/experience that there is water remaining in the sphere.
This water/rice will fill the cone. The students should see that the volume of a sphere
= the volume of a cylinder + volume of a cone. Because r = h (radius = height), by

using substitution, the volume of the cylinder is 2717‘3, and the volume of the cone is

1 . 4 . .
Enr?’, so the volume of the sphere is Vsypere = 5717"3, This non-mathematical

demonstration of the formula for the volume of a sphere, Vy,pere = %nr?’, will help
students make sense of the formula.

REAL-WORLD APPLICATIONS

Students should experience many types of real-world applications using these formulas. They should be expected to explain and justify their
solutions. Some examples include the following: finding the amount of space left over in a can with 3 tennis balls; finding total volume in a silo;
finding how much ice cream in a cone, etc.

EXAMPLE
An ice cream shop that Jenni works at has a rule that every adult scoop should be the same size, so they have a standard ice cream scooper
that has a diameter of 2 ¥ inches. A single scoop cone costs $2.79. Jenni is overgenerous with her scoops and makes her scoops have a
diameter of 3 inches instead but still sells them for $2.79.

¢ Is Jenni a good employee?

e How much is she costing her owner per cone?

¢ |f she scoops 100 cones per day, how much will she cost her owner?

¢ If she works 15 days that month and sells an average of 90 cones per day, how much will she cost her owner?

For more information on ice cream scoopers see Disher Scoop Sizes by Chef’s Resources.

EXAMPLE
A half gallon (115.5 in®) of ice cream in a cylindrical carton with a height of 5.75 inches used to cost $5.99. To save money the ice cream
company shaved 0.2 inches off the radius and 0.3 inches off the height and still sold the ice cream carton for the same price.

e How much will the new ice cream carton hold?

¢ How much money will the company save per carton?

¢ How much money will the company save if they sell 1,000 cartons?

Oh - Department
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http://www.chefs-resources.com/culinary-conversions-calculators-and-capacities/scoop-disher-sizes/
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.G.9)

EXAMPLE
An ice cream store buys a 3-gallon cylindrical ice cream tub with a diameter of 9.44 inches and a height of 10.63 inches including the cover.
How many ice cream tubs can fit into a case that has 21"x 21" x 28” dimensions?

EXAMPLE

A cylindrical grain silo has a cone hopper at the bottom for efficient unloading. The height of the cylinder grain silo is 42 ft. with a diameter of 15
ft. In order to work properly, the volume of the cone hopper must not exceed half the volume of the upper cylinder part of the grain silo. What is
the maximum height of the cone hopper?

Instructional Tools/Resources

These tools and resources may be helpful for instruction. Before use, they should be evaluated at the local level to determine their
appropriateness for instruction.
Exploring Volume

e Volume Formulas is an activity by Annenberg Learner where students explore spheres and cylinders.

e Volume of a Sphere, Volume of a Cone, and Volume of a Cylinder are applets by Math Open Reference that explores the volume of a
spheres, cones, and cylinders.

e Volume of Cylinder is an applet by Geogebra that uses sliders to explore the volume of a cylinder.

e The Cylinder Problem on Mathforum is a high school lesson plan where students build a family of cylinders to explore the relationship
between their dimensions.

e Popcorn, Anyone? is a lesson by NCTM llluminations where students discover the relationship between dimension and volume using
rectangular prisms and cylinders. NCTM now requires a membership to view their lessons.

e Optical lllusion: Volume by MathFLIX is a video that explores the volume of a cylinder.

Applications of Volume
e Modeling: Making Matchsticks is a lesson by Mathematics Assessment Project where students have to compare the volume of
matchsticks to the volume of a tree. This is a modeling task.

e Calculating Volumes of Compound Objects is a lesson by Mathematics Assessment Project where students have to compare volumes
of various shaped glasses. This requires students to use several volume formulas for a single object.

e Greenhouse Management by AchievetheCore connects CTE standards to math. In this task, students determine the costs and
expenses of Easter lilies. Students will need to use volume formulas to complete the task.

Grade 8
- Department
Ohlo of Education


http://www.learner.org/courses/learningmath/measurement/session8/part_b/cylinders.html
https://www.mathopenref.com/spherevolume.html
https://www.mathopenref.com/conevolume.html
https://www.mathopenref.com/cylindervolume.html
https://www.geogebra.org/m/GSBWZBYT
http://mathforum.org/brap/wrap2/highlesson.html
http://illuminations.nctm.org/lesson.aspx?id=2927
http://mathflix.luc.edu/NCTM_cat/Measurement/Solids/040923/OptiIllusionVol_/index.html
http://map.mathshell.org/lessons.php?collection=8&unit=8300
http://map.mathshell.org/lessons.php?collection=8&unit=8300
http://map.mathshell.org/download.php?fileid=1764
https://www.achieve.org/files/CCSS-CTE-Greenhouse-Management-FINAL.pdf
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.G.9)

Applications of Volume, continued
e How Many Baseballs are in this Truck? is an activity from Yummy Math where students apply concepts of volume to a contest
involving baseballs.

e Collecting the Most Candy! is an activity from Yummy Math where students apply the concepts of volume to collecting Halloween candy
in different shaped buckets.

e Rescue of the Chilean Miners-The 33 is an activity from Yummy Math where students apply the concepts of volume to the real-life
situation of miners trapped in a copper-gold mine in Chile.

e Analyzing Lego Fireman is a task from Yummy Math where students apply the concepts of volume to a life-sized Lego Fireman.

¢ Gumballs Galore is a task from Yummy Math where students apply the concepts of volume to find the number of gumballs in a machine.
e The Largest Cup of Coffee Ever! is a task from Yummy Math where students apply the concepts of volume to a huge cup of coffee.

e Flower Vases is a task by lllustrative Mathematics that has students apply volume concepts to a situation.

¢ How big is the 2010 Guatemalan Sinkhole? by Robert Kaplinsky is a real-world modeling problem that uses the volume of a cylinder.

¢ How Many Gumballs Fit in the Gumball Machine? by Robert Kaplinsky is a real-world modeling problem that uses the volume of a
sphere.

e Ice Cream Puddle is a lesson by NCTM llluminations that is open-ended with multiple entry points. Students use volume formulas of
cones, cylinders, and spheres. NCTM now requires a membership to view their lessons.

e Grain Storage by Achieve the Core is a lesson that aligns math with CTE standards. They need to apply the Pythagorean Theorem and
volume of a cylinder to solve the problem.

e Oh, Chute is a lesson from NASA where students use the Pythagorean Theorem and the volume of a cylinder to solve a problem
involving a parachute and a space vehicle.

Curriculum and Lessons from Other Sources

e Comparing Spheres and Cylinders is a task from Georgia Standards of Excellence Framework, Grade 8, Unit 3. In this task students
compare the effect of the volume of a cylinder and sphere. This task can be found on pages 115-121.

e |llustrative Mathematics, Grade 8, Unit 5: Functions and Volume, Lesson 11: Filling Containers, Lesson 12: How Much Will Fit?, Lesson
13: The Volume of a Cylinder, Lesson 14: Finding Cylinder Dimensions, Lesson 15: The Volume of a Cone, Lesson 16: Finding Cone
Dimensions, Lesson 17: Scaling One Dimension, Lesson 18: Scaling Two-Dimensions, Lesson 19: Estimating a Hemisphere, Lesson
20: The Volume of a Sphere, Lesson 21: Cylinders, Cones, and Spheres are lessons that pertain to this cluster. You must create an
account to view lllustrative Mathematics lessons on OpenUp Resources.

e EngageNY, Grade 8, Module 5, Topic B, Lesson 9: Examples of Functions from Geometry, Lesson 10: Volumes of Familiar Solids—
Cones and Cylinders, and Lesson 11: Volume of a Sphere are all lessons that pertain to this cluster.
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https://www.yummymath.com/2017/how-many-baseballs-are-in-this-truck/
https://www.yummymath.com/2016/collecting-the-most-candy/
https://www.yummymath.com/2015/rescue-of-the-chilean-miners-the-33/
https://www.yummymath.com/2015/rescue-of-the-chilean-miners-the-33/
https://www.yummymath.com/2013/amazing-lego-fireman/
https://www.yummymath.com/2012/gumballs-galore/
https://www.yummymath.com/2011/largest-cup-of-coffee-ever/
https://www.illustrativemathematics.org/content-standards/8/G/C/9/tasks/517
http://robertkaplinsky.com/work/sink-hole/
http://robertkaplinsky.com/work/gumball-machine/
https://illuminations.nctm.org/Lesson.aspx?id=3916
https://www.achieve.org/files/CCSS-CTE-Grain-Storage-Capacity-FINAL.pdf
https://www.nasa.gov/pdf/593845main_Oh_Chute_Geom_ED_final.pdf
https://www.georgiastandards.org/Georgia-Standards/Frameworks/8th-Math-Unit-3.pdf
https://im.openupresources.org/8/teachers/5/11.html
https://im.openupresources.org/8/teachers/5/12.html
https://im.openupresources.org/8/teachers/5/13.html
https://im.openupresources.org/8/teachers/5/13.html
https://im.openupresources.org/8/teachers/5/14.html
https://im.openupresources.org/8/teachers/5/15.html
https://im.openupresources.org/8/teachers/5/16.html
https://im.openupresources.org/8/teachers/5/16.html
https://im.openupresources.org/8/teachers/5/17.html
https://im.openupresources.org/8/teachers/5/18.html
https://im.openupresources.org/8/teachers/5/19.html
https://im.openupresources.org/8/teachers/5/20.html
https://im.openupresources.org/8/teachers/5/20.html
https://im.openupresources.org/8/teachers/5/21.html
https://www.engageny.org/resource/grade-8-mathematics-module-5-topic-b-lesson-9
https://www.engageny.org/resource/grade-8-mathematics-module-5-topic-b-lesson-10
https://www.engageny.org/resource/grade-8-mathematics-module-5-topic-b-lesson-10
https://www.engageny.org/resource/grade-8-mathematics-module-5-topic-b-lesson-11
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.G.9)

General Resources

Research

Arizona 7-High School Progression on Geometry

This cluster is addressed on pages 4 and 12.

Coherence Map by Achieve the Core is an interactive website that shows the progression and interconnectedness of the Common Core
standards. To be noted, there are some differences between Ohio’s Learning Standards and the Common Core, so although the tool is
useful, it needs to be checked with respect to Ohio’s Learning Standards.

High School Coherence Map by UnboundED is a map of the relationships among high school mathematics standards. Please note: This
resource is aligned to the Common Core not Ohio’s Learning Standards. Although the tool is useful, it needs to be checked with respect
to Ohio’s Learning Standards.

van Hiele Model of Geometric Thinking is a pdf created by ODE that summarized the van Hiele levels.

Common Core Standards Writing Team. (2016, March 24). Progressions for the Common Core State Standards in Mathematics (draft).
Grades 7-8, HS, Geometry. Tucson, AZ: Institute for Mathematics and Education, University of Arizona.

Wheatley, J. (August 2011). An investigation of three-dimensional problem solving and levels of thinking among high school geometry
students. A Project Report Presented to the Graduate Faculty of Central Washington University. Retrieved from
https://pdfs.semanticscholar.org/994a/d70f32b0dd2b38342da230b6275e08f9032e. pdf
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STANDARDS

MODEL CURRICULUM (8.SP.1-4)

STATISTICS AND PROBABILITY
Investigate patterns of association in
bivariate data.

8.SP.1 Construct and interpret
scatterplot for bivariate® measurement
data to investigate patterns of
association between two quantities.
Describe patterns such as clustering;
outliers; positive, negative, or no
association; and linear association and
nonlinear association. (GAISE Model,
steps 3 and 4)

8.SP.2 Understand that straight lines are
widely used to model relationships
between two quantitative variables. For
scatterplot that suggest a linear
association, informally fit a straight line,
and informally assess the model fit by
judging the closeness of the data points
to the line. (GAISE Model, steps 3 and 4)
8.SP.3 Use the equation of a linear
model to solve problems in the context of
bivariate measurement data, interpreting
the slope and intercept. For example, in
a linear model for a biology experiment,
interpret a slope of 1.5 cm/hr as meaning
that an additional hour of sunlight each
day is associated with an additional 1.5
cm in mature plant height. (GAISE
Model, steps 3 and 4)

Continued on next page

Expectations for Learning

Building on the study of statistics using univariate data (one variable) in Grades 6 and 7 and using
the framework of the GAISE Model, students are now ready to study bivariate data (two variables).
Students will extend their descriptions and understanding of variation to the graphical displays and
numerical analysis of bivariate data. In high school, students build on their experience from the
middle grades with data exploration and summarization; randomization as the basis of statistical
inference; and simulation as a tool to understand statistical methods.

ESSENTIAL UNDERSTANDINGS
Quantitative (numerical) variables
e Scatterplots are used for bivariate quantitative data.
¢ When two variables are represented on a scatterplot, an association may exist.
e An association between two variables can be seen in the pattern created by the data:
0 clusters;
O positive, negative, or no association; and/or
o linear or nonlinear association.
Outliers are bivariate points that do not fit the trend.
When a scatterplot suggests a linear association, a line can be informally fitted to the data.
Closeness of data points to the line can be judged visually.
When looking for a linear association, a line takes all of the points into consideration, and
the prediction is based on an overall pattern rather than just one or two points.
The slope and y-intercept describe the linear association between two variables.
e Linear functions can be used to describe contextual problems through the following:
0 interpreting slope and intercept; and/or
0 making predictions.
Continued on next page
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STANDARDS MODEL CURRICULUM (8.SP.1-4)

8.SP.4 Understand that patterns of Expectations for Learning, continued

association can also be seen in bivariate
categorical data by displaying ESSENTIAL UNDERSTANDINGS, CONTINUED

frequencies and relative frequencies in a | Categorical variables

two-way table. Construct and interpret a e Two-way tables are used for bivariate categorical data.

two-way table summarizing data on two e Two-way tables are used to display frequencies and relative frequencies.

categorical variables collected from the ¢ Relative frequencies can be used to describe possible associations.

same subjects. Use relative frequencies o If row (or column) relative frequencies in the table are the same, there is little or no
calculated for rows or columns to association.

describe possible association between e If row (or column) relative frequencies in the table are different, there is some evidence of
the two variables. For example, collect association.

data from students in your class on
whether or not they have a curfew on MATHEMATICAL THINKING

have assigned chores at home. Is there e Construct and modify models to represent mathematical thinking.
evidence that those who have a curfew o Use informal reasoning

also tend to have chores? e Attend to precision in justifying mathematical reasoning.
Continued on next page
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STANDARDS

MODEL CURRICULUM (8.SP.1-4)

8.SP.1-4, continued

Expectations for Learning, continued
INSTRUCTIONAL FOCUS
Quantitative

e Sketch a trend line through the “center” of the points.
e Approximate the slope of the trend line.
e Write an equation of the trend line.
o Interpret the rate of change and intercept of the trend line in the context of the problem.
¢ Interpret data points in relationship to the trend line (above, below, or on the line).
e Answer questions and make predictions based on the trend line.
e Determine how a change in data changes the trend line.
e Measure the association between two quantitative variables using the Quadrant Count
Ratio (QCR).
Categorical

Content Elaborations

CONNECTIONS ACROSS STANDARDS

Construct a scatterplot by choosing a scale, labeling axes, and plotting points.

Describe a scatterplot in terms of clusters, gaps, and unusual data points (outliers).
Describe a trend (linear, curved, positive, negative, strong association, weak association, no
association).

Construct a two-way frequency table.

Calculate relative frequencies.

Determine possible association between the two variables using row (or column) relative
frequencies.

Ohio’s K-8 Critical Areas of Focus, Grade 8, Number 1, pages 50-51
Ohio’s K-8 Learning Progressions, Statistics and Probability, pages 22-23
GAISE Model, pages 14 — 15

o Focus of 7" grade is Level A — B, pages 22-59

Apply concepts of linear functions (8.F.3-5).
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.SP.1-4)
Instructional Strategies

Note: The model curriculum is not a collection of lessons nor a full curriculum; it does not suggest pace, Standards for Mathematical Practice
seguence, or amount of time spent on topics. It provides information about a topic related to the standards This cluster focuses on but is not limited to
including ideas for examples, strategies for teaching, common misconceptions, and possible connections the following practices:

between topics. In addition, the emphasis of the model curriculum is on instruction not on assessment; . .
therefore, the examples in the Instructional Strategies section are written for instructional purposes not MP.4 Model with ma_‘thematlcs'

necessarily as assessment items. Examples may need to be rewritten to accommodate the needs of each MP.6 Attend to precision.

individual classroom. MP.7 Look for and make use of structure.

Building on the study of statistics using univariate data in Grades 6 and 7, students are now ready to study bivariate data. They will extend their
descriptions and understanding of variation to the graphical displays of bivariate data.

Explain to students uni means one, bi means two, and variate means variable, so univariate is data using one variable and
bivariate is data using two variables.

Eighth graders apply their experience with the coordinate plane and linear functions in the study of association between two variables
related to a question of interest. As in the univariate case, analysis of bivariate measurement data graphed on a scatterplot proceeds by
describing shape, center, and spread. But now “shape” refers to a cloud of points on a plane, “center” refers to a line drawn through a cloud that
captures the essence of its shape, and the “spread” refers to how far the data points stray from the central line.

Students extend their understanding of “cluster” and “outlier” from univariate data to bivariate data. They summarize bivariate categorical data
using two-way tables of counts and /or proportions, and examine these for pattern associations.

GAISE MODEL

Students continue to use the GAISE model outlined in Grade 6 and 7: Formulate Questions, Collect Data, Analyze Data, and Interpret Results.
In Grade 8 they formulate questions with two variables with the purpose of investigating a possible association between them. They begin to
pose their own guestions of interest that are not necessarily restricted to the classroom. Eighth graders can design and conduct nonrandom
sample surveys; although they should begin to start thinking informally about random selection and what kind of sample best represents a
population. They may also do comparative experiments. Although they will continue to use all four steps of the GAISE model, the focus on this
cluster is on Analyzing Data and Interpreting Results. Students will start at Level A with respect to scatterplots and two-way frequency tables
and will move toward Level B.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.SP.1-4)

QUANTITATIVE DATA

Scatterplots are the most common form of representations displaying bivariate data in Grade 8. Provide scatterplot of linear data and have
students practice informally finding the trend line. Students could be given a scatterplot and a spaghetti noodle to determine the “best fit.”
Discussion should include “What does it mean for a data point to be above the line?” or “What does it mean for it to be below the line?”

As an extension to the spaghetti noodle activity, students could use the spaghetti noodle to consider the average vertical distance the points are
from the line (noodle). This can also be connected to mean absolute deviation (MAD). Note: Typically MAD is used to analyze univariate data
not bivariate data, but since you are only looking at the vertical distance, MAD could be an appropriate tool.

@ Some students may think there is only one correct answer and mistakenly think his or her line of best fit will be exactly the same as his or
her classmates for the same set of data. It will be helpful for students to share their work, so they see a variety of trend lines.

By changing the data slightly, students can have a rich discussion about the effects of the change on the graph. The study of the trend line ties
directly to the algebraic study of slope and y-intercept. Students should interpret the slope and y-intercept of the trend line in the context of the
data. Then students can make predictions based on the trend line. Give students a variety of data sets that intersect the y-axis at various points,
so students do not mistakenly think that all trend lines must go through the origin.

@ Students may not understand that the line of best fit may display predictions that do not make sense in the context of the problem.

Some students think that the trend line represents continuous data. Explain to students that the trend line describes the data, but it is not
the data, as the points on the scatterplot are the data.

After a trend line is fitted through the data, the slope of the line is approximated and interpreted as a rate of change, in the context of the
problem. If the slope is positive, then the two variables are positively associated. Similarly if the slope is negative, then the two variables are
negatively associated. Students should also be exposed to data that do not have an association.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.SP.1-4)

Because students are informally drawing lines of best fit, the lines will vary slightly. After students are used
I;Ii to informally fitting trend lines to data, have students create a regression line using technology such as
graphing calculators or Desmos. Use the equation y,~mx; + b in Desmos to graph the trend line. On b B
certain platforms, if you take data from an Excel spreadsheet and copy and paste into Desmos, it will graph the
data. This allows students to explore larger data sets. o

' Outlier

Students should create and interpret scatterplots, focusing on outliers, positive, or negative association, linearity,
or curvature. Assuming the data are linear, students should informally draw a trend line on the scatterplot and
informally evaluate the strength of fit. They should be able to interpret visually how well the trend line fits the
“cloud” of points.

®

@ Students may not realize that a single data point on a scatterplot could represent multiple data points in a 4 _ . 1 . o
given data set, so give students examples where the data has two identical points. 3 i

Ouitliers are points substantially outside the general trend line. Discuss how outliers might have an influence on the i

positioning of the line. Students need to realize that an outlier now does not need to be at the end of the data, it ¢ 2 p 6

can be a data point significantly higher or lower than all the other data anywhere along the line of best fit.

Quadrant Count Ratio

To move students from Level A to Level B, questions should move from “Is there an association?” to “How strong is the association?” The
Quadrant Count Ratio (QCR) can help students informally determine the strength between two variables. This is an important building block in
building the conceptual understanding of the correlation coefficient in high school.

EXAMPLE

Step 1: Formulate Questions A discussion in class might revolve around if technology causes people to be more or less social. Students may
want to see if there is an association between the amount of text messages a person sends compared to the amount of time a person spends
hanging out with friends. This is a good time to have a discussion about what defines an event and how the event will be measured. Are they
measuring time in hours or minutes? What is the designated time frame for receiving text messages?

Step 2: Collect Data The students may want to conduct a census of a few classrooms. This may be a good time to have a discussion of bias in
surveys. For example, if people know they are going to be surveyed, would they change their habits? Could the wording in the survey sway
people to answer a certain way? This would also be a good time to informally discuss the concept of random selection. What is the population
we want to know something about? Are certain classes better representations of the population than others? Students can also compare their
data to similar student data across the nation or state using Census at School.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.SP.1-4)

Continue to discuss which variable is the independent variable compared to the dependent variable in a contextual situation.

Since students may interchange the independent and dependent variables emphasize the dependent variable depends on the
independent variable, and the frame of the question indicates which one is which.

What is the Strength of the Association Between

Step 3: Analyze Data Students may create a graph similar to the chart. Sending Text Messages and Time with Friends?

45
Discuss whether the data has a positive, negative, or no association. Look to see if E .l °
there is any clustering and analyze why clustering is present or not. Look to see if there L3 ee - 4
are any outliers. If there are, discuss whether to include them or not include them in the S
data, and the impact that each choice has. g

£10e e .

Once an association has been determined, reframe the students’ question in terms of 2 Z :. - s *
strength: “What is the strength of the association between text messages sent and the 0 200 400 600 200 1000 1200
hours Spent with friends?” Text Messages Sent

Show students two scatterplots of data (or compare students’ scatterplots). One should have a positive trend but the points are scattered, and
another should have a positive trend but the points are closer together. Discuss which one has a stronger association.

Choosing how to display the data is a golden opportunity to discuss data that can be presented from different organizations to put
forth different messages. For example, the union showing no pay increases vs. the employer showing the same data to show
that the increase has been significant, but by using a different scale. Ask students questions such as “What message do you

want to send to your audience?” and “How can the graph be manipulated to communicate your message?” It is important for
people to be critical of the information that is presented to them statistically and graphically.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.SP.1-4)

The Quadrant Count Ratio (QCR) informally measures the strength of the association.

Text Hours with
R 1.) Find the mean of both the independent and dependent variable.
600 30
7 | 0
3 35
520 [ }g Mean Number of Text Messages = 251.85
1000 | 5 Mean of Hours with Friends = 14.25
50 30
4 | 3
1000 5
25 | 30
75 0
10 | 0
55 10
800 | 2
100 4
250 | 8
500 30
500 | 40
6 [ 25
2.) Draw a vertical line through the mean of the independent variable What is the Strength of the Association Between

and a horizontal line through the mean of the dependent variable. Sending Text Messages and Time with Friends?

45

3 40 o
Below Average Time, Above Average Time,
Above Average Text ® Ps Above Average Text

S50

T 20

&

815

A 5]
Below Average Time, o Above Average Time,
Below Average Text Below Average Text

]
0 e
0 200 400 600 800 1000 1200

Number of Text Messages Sent
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.SP.1-4)

3.) The horizontal and vertical lines divide the scatterplot into ; b
four quadrants or regions. That divides that data into Above What .Is the Strength of the As_souat!on B?tween
Average/Above Average (Q1), Below Average/Above Average Sending Text Messages and Time with Friends?

(Q2), Below Average/Below Average (Q3), and Above .

Average/Below Average (Q4) quadrants. Students should » .
notice that data with positive trends have more data points in 2 49
Q1 and Q3 and data with negative trends have more data :g‘::\:::‘;‘;’;gee 111::: :x“e :"e“‘ﬂe 1{"::
points in Q2 and Q4. _verad o o ve Average Te
3250
€20
g
215
LA [ ]
Below Average Time, o Above Average Time,
Below Average Text 3 Below Average Text
0 &
0 200 400 600 800 1000 1200

4.) Explain to students that the greater the number of points in
quadrants 1 and 3 compared to number of points in quadrants
2 and 4, the stronger the positive association is. (The reverse
is true for a negative association.) This relationship is called the
Quadrant Count Ratio, which can be found as follows:

Number of Text Messages Sent

(Number of Points in Quadrants 1 and 3) — (Number of Points in Quadrants 2 and 4)
The Total Number of Points in All Quadrants

So,

CR_E_OB
QCR = 20

Explain to students that a QCR close to 1 or —1 means that the variables are strongly associated, and that a QCR close to 0 means the two
variables are weakly associated. Since the QCR for these data is 0.3, it looks like there is a weak positive association. Note: Your class data
may have a strong positive association.
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INSTRUCTIONAL SUPPORTS FOR THE MODEL CURRICULUM (8.SP.1-4)

Step 4: Interpret Results

Have a discussion about whether the sample represents the larger population, and what could be done to obtain better data. Discuss informally
the difference between “cause and effect” and “association.” Does sending text messages cause people to spend more time with their friends
or could there be other factors that both groups have. For instance extroverted people may both like to send text messages and spend time with
friends. However, there could be a cause and effect relationship if someone, for example, was sending lots of text messages to organize a
party. In this case, since the association between the two events is fairly weak, sending text messages may not be a good predictor of time
spent with friends.

Students should explore the differences between variations and errors. Teachers can draw attention to naturally occurring errors that happen in
the classroom and discuss the impact of the errors on the results. These notions can be used to explain outliers, clusters, and gaps.

Misleading Statistics

Students should be given the opportunity to analyze misleading bivariate statistics. Discuss how it is important for the intervals in scales to be
consistent and then if the scale jumps from 0, a break needs to be shown. Explore how changing the scale can make data seem more
favorable. They should also be critical of the samples that supposedly represent the population. Discuss what makes a sample a good
representation of a population. (Connect with 7.SP.1.)

CATEGORICAL DATA
Building on experience with decimals, percents, and the ideas of association between measurement variables, students now take a more
careful look at possible association between categorical variables.

Categorical bivariate data is typically displayed using two-way tables. Discuss the meaning of each individual cell frequency and the sums of
the rows and columns in the context of a question of interest.

¢ What do the cells individually mean in relation to each other?

e What do the row/column sums mean in relation to each other?

@ Students may believe bivariate data is only displayed in a scatterplot. The standard 8.SP.4 provides the opportunity to display bivariate,
categorical data in a table.

Note: This standard is very similar to the high school standard S.ID.5. In Grade 8 the marginal frequencies are usually given and tables are
limited to 2 by 2 tables. There should be an emphasis on converting back and forth between two-way frequency tables and two-way relative
frequency tables. Although the terminology joint, marginal, and relative frequencies are not used in this standard, the expectation is that they
find these relative frequencies.
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One cannot use frequency counts to compute a mean or median for categorical variable. The frequency counts are the numerical
summary for the categorical data.

EXAMPLE

Step 1: Formulate Questions

Students may have read an article about the relationship between the quality of sleep a person has and whether or not a person sleeps with a
cellphone in their room. Studies have found that it takes longer for people to fall asleep with cell phones in their rooms and that the quality of
sleep for those people is poorer and the length of sleep is shorter. Students could come up with a question such as the following: Is there a
relationship between someone sleeping with a cell phone in their room and the time it takes to fall asleep?

Step 2: Collect Data
Students may decide to give a survey to several classes in the school. A discussion should be had about the wording of the survey, so that it
leads to two discrete answers such as the following:

o Do you sleep with a cell phone in your room: yes or no?

e Does it take you more than 60 minutes to fall asleep: yes or no?
Discuss why discrete questions are preferable to open ended questions such as “How long does it take you to fall asleep?” or questions that do
not include all possible answers such as “How long does it take you to fall asleep: less than 60 minutes or more than 60 minutes?” This type of
question will exclude people who take exactly 60 minutes to fall asleep. Also discuss the importance of accurately recording the responses and
how not doing so could affect the data.

Step 3: Analyze Data

Display survey results in a two-way frequency table or a relative frequency table. Whereas frequency tables display counts, relative frequency
tables display the data in the form of ratios, decimals, or percents. The ratio of the joint or marginal frequencies to the total number of subjects
define relative frequencies (and percentages), respectively. Notice that the total in a relative frequency table (bottom right-hand corner) is 1 or
100%. Students should be able to convert back and forth between these two types of tables, increasingly becoming fluent in the relative
frequency tables. Discuss how it is possible to switch the row and column headers. Note: The words joint, marginal, and conditional frequency
are used in this document for informational purposes. Students are not responsible for this terminology.
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Frequency Table Relative Frequency Table

More 60 min | TOTAL moreso 60 Imin TOTAL
than 60 | or less £l or less
i min
. min 61160 = 48[ 0 109/, 00 =
m 61 ~i 109 038= 030= 068=
‘ 38% 30%  68%
o b 40 o1 1 40 : 51 ’
‘ Phone l1g0 = /160 = 160 =
Phone

0.07= 025= 032=

TOTAL ¢ 88 160 7% 25% 32%
TOTAL RO 88/ 150 = 1697160 =
045= 055= 1.00=
45% 55% 100%
More 60 min
Marginal Frequency than 60 | or less
Row totals and column totals constitute the marginal frequencies. These are found in the min

margins of the table. These can also be found by adding across columns or rows. 61

No 11 51
More 60 min Phone
TOTAL ¢ 160

than 60 | or less
min

Joint Frequency

61 48 109 Joint frequency is where the two variables “join” such as keeping the phone in the bedroom and
No 11 40 51 taking longer than 60 minutes to fall asleep. These can be found in the body of the table.
Phone

TOTAL myi 88 160
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Conditional Frequency

Conditional relative frequencies are determined by focusing on a specific row or column of the table.
They are particularly useful in determining any associations between the two variables. For
example, if a person sleeps with their phone, what is the relative frequency it will take him or her
more than 60 minutes to fall asleep? (5100 = 56%.)

More 60 min | TOTAL
than 60 | or less
min
m 61 48 109
No 11 40 51
Phone

TOTAL ¢ 88 160
@ Students may think that they can use frequency counts to compute a mean or median for
categorical variable, but the frequency counts are the numerical summary for the categorical data.

Notice the example above is different than “What is the relative frequency that a person that takes
more than 60 minutes to fall asleep has a phone in their bedroom?” (57, ~ 85%)

Step 4: Interpret results
Column or row conditional relative frequencies can be used to determine if two variables are associated.
¢ If a person sleeps with their phone, what is the relative frequency it will take he or she more than 60 minutes to fall asleep. (%109 =~ 56%)

¢ If a person does not sleep with their phone, what is the relative frequency it will take him or her more than 60 minutes to fall
asleep. (*/s1> 22%)

Or
e What is the relative frequency that a person who takes more than 60 minutes to fall asleep has a phone in their bedroom? (Y7, =~ 85%.)
e What is the relative frequency that a person who takes 60 minutes or less to fall asleep has a phone in their bedroom? (*8/ss =~ 55%)

Since the conditional probabilities are different, there is an association between a person sleeping with their phone in their room and how long it
takes them to fall asleep. The larger the difference in the conditional probabilities, the stronger the association is.
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Instructional Tools/Resources
These tools and resources may be helpful for instruction. Before use, they should be evaluated at the local level to determine their
appropriateness for instruction.

Manipulatives/Technology

Scatterplots

Graphing calculator

Desmos is a free online graphing utility and app.

Census at School is an international classroom project that provides real data for classrooms. (Note: On a PC this data can be copied
from their Excel spreadsheet right into Desmos.)

Scatter It! (Using Census Results to Help Predict Melissa’s Height) by Susan Haller is a lesson from amstat’'s STEW (Statistics
Education Web) that has students create a scatterplot and approximate a line of best fit explicitly tied to the GAISE model.

You and Michael by Stephen Miller is a lesson from amstat's STEW (Statistics Education Web) that has students create a scatterplot
and approximate a line of best fit explicitly tied to the GAISE model.

What Fits by Anna Bargagliotti and Stephanie Casey is a lesson from amstat’'s STEW (Statistics Education Web) that has students
explore a line of best fit explicitly tied to the GAISE model.

Fitting a Line to Data—Earning and Educational Achievement is a lesson by the United States Census Bureau using real census data
where students create a scatterplot and add an approximate line of best fit.

Patterns of Associations—Quality of English Spoken by People Who Speak Spanish in Their Homes is a lesson by the United States
Census Bureau using real census data where students study the associations between data.

Animal Brains by lllustrative Mathematics is a task where students create scatterplots and think critically about association and outliers
in data.

Bird Eqggs by lllustrative Mathematics is a task where students interpret data points on a scatterplot and make predictions based on a
trend line.

Hand Span and Height by lllustrative Mathematics is a task where students create a scatterplot by taking measurements of and spans
and height.

Texting and Grades | by lllustrative Mathematics is a task where students address the form, direction, and strength of data on

a scatterplot.

Laptop and Battery Charge by lllustrative Mathematics is a task where students make a scatterplot and informally create a line of best fit
to represent the data.

US Airports, Assessment Variation by lllustrative Mathematics is a task where students must interpret a line of best fit.

Positive Correlation is a task by Open Middle where students have to create data points that represent a positive, negative, and

no correlation.
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https://www.desmos.com/calculator
http://ww2.amstat.org/censusatschool/
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http://www.amstat.org/asa/files/pdfs/stew/YouandMichael.pdf
http://www.amstat.org/asa/files/pdfs/stew/WhatFits.pdf
https://www.census.gov/schools/activities/math/line-to-data.html
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https://www.illustrativemathematics.org/content-standards/8/SP/A/1/tasks/975
https://www.illustrativemathematics.org/content-standards/8/SP/A/2/tasks/1558
https://www.illustrativemathematics.org/content-standards/8/SP/A/3/tasks/1370
http://www.openmiddle.com/positive-correlation/
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Scatterplots, continued

Line of Best Fit is a task by Open Middle where students have to create data points that could generate a line of best fit with the
equationy = —x + 8.

Interpreting and Using Data: Setting Taxi Fares by Mathematics Assessment Project is a taks that has students analyze a scatterplot.
Exploring Linear Data by NCTM Illuminations is a lesson where students model linear data in settings that range from car repair costs to
sports to medicine. NCTM now requires a membership to view their lessons.

Scatter Diagram by Inside Mathematics is a Performance Assessment Task where students analyze a scatterplot.

House Prices by Inside Mathematics is a Performance Assessment Task where students analyze a scatterplot.

Scatterplot Capture by Desmos has students make predictions about future points in a scatterplot.

Opening Weekend the Black Panther is a task by YummyMath where students create scatterplots.

The Star Wars Phenomena Continues by Yummy Math is paired with Star Wars Earnings by Desmos is a task that uses real data to
explore a scatterplot with a linear model.

Bivariate Data and Analysis: Anthropological Studies by PBS Learning has students investigate how skeletal populations can help
determine the impact of slavery on the height and health of African American males. There is an accompanying video.

Contingency Tables by Annenberg Learner has a lesson that connects the Quadrant Count Ratio (QCR) to a two-way table.

Two-Way Frequency Table

Two-Way Tables—Walking and Bicycling to Work is a lesson by the United States Census Bureau using real census data to calculate
relative frequencies and conditional relative frequency using two-way tables.

Music and Sports by lllustrative Mathematics is a task where students summarize data in a two-way frequency table.

What's Your Favorite Sport? by lllustrative Mathematics is a task where students determine association based on data in a two-way
frequency table.

Using Data: Testing a New Product by Mathematics Assessment Project is a task that allows students to organize data by constructing
two-way frequency tables.

Ice Cream Scoop by Youcubed is a task where students can apply using a two-way frequency table.

Curriculum and Lessons from Other Sources

lllustrative Mathematics, Grade 8, Unit 6: Associations in Data has many lessons that pertain to this cluster. You must create an account
to view lllustrative Mathematics lessons on OpenUp Resources.

EngageNY, Grade 8, Module 6, Topic B, Lesson 6: Scatterplot, Lesson 7: Patterns in Scatterplot, Lesson 8: Informally Fitting a Line are
lessons that pertain to this cluster.

EngageNY, Grade 8, Module 6, Topic C, Lesson 9: Determining the Equation of a Line Fit to Data, Lesson 10: Linear Models, Lesson
11: Using Linear Models in Data Contexts are lessons that pertain to this cluster.

EngageNY, Grade 8, Module 6, Topic D, Lesson 12: Nonlinear Models in Data Context, Lesson 13: Summarizing Bivariate Categorical
Data in a Two-Way Table, and Lesson 14: Association Between Categorical Data are lessons that pertain to this cluster.
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Curriculum and Lessons from Other Sources, continued

General Resources

References

Mathematics in a World of Data by Burrill, Clifford, Errthum, Kranendonk, Mastromatteo, O’Connor is a textbook by Dale Seymour
Publications has some lessons that may pertain to this cluster with respect to two-way frequency and relative frequency tables.
Georgia Standards of Excellence Curriculum Framework, Grade 8, Unit 6: Linear Models and Tables has many lessons that pertain to
this cluster. This cluster is mostly addressed on pages 79-199.

LOCUS (Levels of Conceptual Understanding in Statistics) has various statistical assessment items by grade level.

Arizona 6-8 Progression on Statistics and Probability

This cluster is addressed on pages 11-12.

Coherence Map by Achieve the Core is an interactive website that shows the progression and interconnectedness of the Common Core
standards. To be noted, there are some differences between Ohio’s Learning Standards and the Common Core, so although the tool is
useful, it needs to be checked with respect to Ohio’s Learning Standards.

High School Coherence Map by UnboundED is a map of the relationships among high school mathematics standards. Please note: This
resource is aligned to the Common Core not Ohio’s Learning Standards. Although the tool is useful, it needs to be checked with respect
to Ohio’s Learning Standards.

Statistics Teacher is an online journal published by the American Statistical Association (ASA) and NCTM. It includes articles, lesson
plans, and professional development opportunities.

Significance is a magazine that demonstrate the practical use of statistics and shows how statistics benefits society.

Chance is a magazine about statistics for anyone who is interested in using data to advance science, education, and society.

LOCUS is an NSF Funded project focused on developing assessments of statistical understanding. Teachers must create an account to
access the assessments.

K-12 Statistics Education Resources is a collection of websites put together by the American Statistical Association for teachers.

Casey, S., & Bostic, J. (September 2016). Structurally sound statistics instruction. Mathematics Teaching in Middle School, 22(2), 101-
107.

Common Core Standards Writing Team. (2016, March 24). Progressions for the Common Core State Standards in Mathematics (draft).
Grades 6-8, Statistics and Probability. Tucson, AZ: Institute for Mathematics and Education, University of Arizona.

Franklin, C., Kader, G., Mewborn, D, Moreno, J., Peck, R., Perry, M., & Scheaffer, R. (2007). Guidelines for Assessment and Instruction
in Statistics Education (GAISE) Report. Alexandria, VA: American Statistical Association. Kader, G., & Franklin, C. (November 2008).
The evolution of pearson’s correlations coefficient. Mathematics Teacher, 102(4), 292-299.

Kroon, C. (May 2016). Spaghetti bridges: modeling linear relationships. Mathematics Teaching in the Middle School, 21(9), 563-566.
Ozgiin-Koca, S., & Edwards, T. (August 2010). Drawing a regression line between spaghetti and basketball. Mathematics Teaching in
the Middle School, 16(1), 50-55
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